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• Vladimir Vapnik was born in the Soviet Union. He received his

master’s degree in mathematics from the Uzbek State

University in 1958 and Ph.D in statistics at the Institute of

Control Sciences, Moscow in 1964.

• He worked at this institute from 1961 to 1990 and became

Head of the Computer Science Research Department.

• At the end of 1990, Vladimir Vapnik moved to the USA and

joined in AT&T Bell Labs. While at AT&T, Vapnik developed

the theory of the support vector machine.

• Vapnik left AT&T in 2002 and joined NEC Laboratories in

Princeton.Fellow of the U.S. National Academy of Engineering

in 2006. In 2014, Vapnik joined Facebook AI Research.



Support Vector Machines

Here we approach the two-class classification problem in a
direct way:

We try and find a plane that separates the classes in
feature space.

If we cannot, we get creative in two ways:

• We soften what we mean by “separates”, and

• We enrich and enlarge the feature space so that separation
is possible.
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What is a Hyperplane?

• A hyperplane in p dimensions is a flat a�ne subspace of
dimension p� 1.

• In general the equation for a hyperplane has the form

�0 + �1X1 + �2X2 + . . .+ �pXp = 0

• In p = 2 dimensions a hyperplane is a line.

• If �0 = 0, the hyperplane goes through the origin,
otherwise not.

• The vector � = (�1,�2, · · · ,�p) is called the normal vector
— it points in a direction orthogonal to the surface of a
hyperplane.
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Hyperplane in 2 Dimensions
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>vT2`TH�M2 /BpB/ T@/BK2MbBQM�H bT�+2 BMiQ irQ ?�Hp2b

LQr- bmTTQb2 i?�i X /Q2b MQi b�iBb7v UNXkVc `�i?2`-

β0 + β1X1 + β2X2 + . . .+ βpXp > 0 UNXkV

h?2M i?Bb i2HHb mb i?�i X HB2b iQ QM2 bB/2 Q7 i?2 ?vT2`TH�M2X PM
i?2 Qi?2` ?�M/- B7

β0 + β1X1 + β2X2 + . . .+ βpXp < 0 UNX9V

i?2M X HB2b QM i?2 Qi?2` bB/2 Q7 i?2 ?vT2`TH�M2X aQ r2 +�M
i?BMF Q7 i?2 ?vT2`TH�M2 �b /BpB/BM; T@/BK2MbBQM�H bT�+2 BMiQ
irQ ?�Hp2bX PM2 +�M 2�bBHv /2i2`KBM2 QM r?B+? bB/2 Q7 i?2
?vT2`TH�M2 � TQBMi HB2b #v bBKTHv +�H+mH�iBM; i?2 bB;M Q7 i?2 H27i
?�M/ bB/2 Q7 UNXkVX � ?vT2`TH�M2 BM irQ@/BK2MbBQM�H bT�+2 Bb
b?QrM BM 6B;m`2 NXRX



A hyperplane in two-dimensional space



*H�bbB}+�iBQM lbBM; � a2T�`�iBM; >vT2`TH�M2

LQr bmTTQb2 i?�i r2 ?�p2 � n× p /�i� K�i`Bt X i?�i +QMbBbib
Q7 n i`�BMBM; Q#b2`p�iBQMb BM p @/BK2MbBQM�H bT�+2-

x1 =

⎛

⎜⎝
x11
XXX

x1p

⎞

⎟⎠ , . . . , xn =

⎛

⎜⎝
xn1

XXX
xnp

⎞

⎟⎠ UNX8V

�M/ i?�i i?2b2 Q#b2`p�iBQMb 7�HH BMiQ irQ +H�bb2b Ĝ i?�i Bb-
y1, · · · , yn ∈ {−1, 1} r?2`2 @R `2T`2b2Mib QM2 +H�bb �M/ R i?2
Qi?2` +H�bbX q2 �HbQ ?�p2 � i2bi Q#b2`p�iBQM- � T@p2+iQ` Q7
Q#b2`p2/ 72�im`2b x∗ = (x∗1, · · · , x∗p)T X Pm` ;Q�H Bb iQ /2p2HQT �
+H�bbB}2` #�b2/ QM i?2 i`�BMBM; /�i� i?�i rBHH +Q``2+iHv +H�bbB7v
i?2 i2bi Q#b2`p�iBQM mbBM; Bib 72�im`2 K2�bm`2K2MibX



Separating Hyperplanes
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• If f(X) = �0 + �1X1 + · · ·+ �pXp, then f(X) > 0 for points on
one side of the hyperplane, and f(X) < 0 for points on the other.

• If we code the colored points as Yi = +1 for blue, say, and
Yi = �1 for mauve, then if Yi · f(Xi) > 0 for all i, f(X) = 0
defines a separating hyperplane.
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Maximal Margin Classifier

Among all separating hyperplanes, find the one that makes the
biggest gap or margin between the two classes.
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Constrained optimization problem

maximize
�0,�1,...,�p

M

subject to
pX

j=1

�2
j = 1,

yi(�0 + �1xi1 + . . .+ �pxip) � M

for all i = 1, . . . , N.

This can be rephrased as a convex quadratic program, and
solved e�ciently. The function svm() in package e1071 solves
this problem e�ciently
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Maximal margin classifier

• since �
>
x+ �0 = 0 and c

�
�
>
x+ �0

�
= 0 define the same

plane, we have the freedom to choose the normalization of
w

• Choose normalization such that �>
x+ + �0 = +1 and

�
>
x�+ �0 = �1 for the positive and negative support

vectors respectively

• Then the margin is given by

�

k�k · (x+ � x�) =
�
> (x+ � x�)

k�k =
2

k�k



Maximal margin classifier



Maximal margin classifier

• Learning the SVM can be formulated as an optimization:

max
�

2

k�k subject to �
T
xi+�0

� +1 if yi = 1

 �1 if yi = �1
for i = 1, · · · , N

• Or equivalently

min
�

k�k2 subject to yi

⇣
�
>
xi + �0

⌘
� 1 for i = 1 . . . N

• This is a quadratic optimization problem subject to linear
constraints and there is a unique minimum



*QMbi`�BM2/ PTiBKBx�iBQM

• *QMbi`�BM2/ QTiBKBx�iBQM ?�b i?2 7Q`K

min Q(θ)
bm#D2+i iQ θ ∈ S ⊂ Rd

• Q(θ), Q#D2+iBp2 7mM+iBQM
• S, 72�bB#H2 b2i
• *QMp2t QTiBKBx�iBQM, #Qi? Q#D2+iBp2 7mM+iBQM �M/ 72�bB#H2

b2i �`2 +QMp2tX



G�;`�M;2 JmHiBTHB2`

• *QMbB/2` 2[m�HBiv +QMbi`�BMi

min Q(θ)
bm#D2+i iQ R(θ) = 0

• S = {θ : R(θ) = 0} Bb �(d− 1) /BK2MbBQM�H bm`7�+2 BM RdX
• 6Q` 2p2`v θ bm+? i?�i R(θ) = 0- ▽R(θ) Bb Q`i?Q;QM�H iQ i?2

bm`7�+2X
• A7 θ∗ Bb � HQ+�H KBMBKmK- i?2M ▽Q Bb Q`i?Q;QM�H iQ i?2

bm`7�+2 �i θ∗X



G�;`�M;2 JmHiBTHB2`

• *QM+HmbBQM, �i � HQ+�H KBMBKmK- i?2`2 2tBbib λ ∈ R bm+?
i?�i

∇Q (θ∗) = λ∇R (θ∗)

• h?Bb H2�/b mb iQ BMi`Q/m+2 i?2 G�;`�M;B�M

L(θ,λ) = Q(θ)− λR(θ)

r?2`2 λ Bb i?2 G�;`�M;2 KmHiBTHB2`X
• q2 ?�p2 �`;m2/ i?�i � HQ+�H KBMBKmK +Q``2bTQM/b iQ �

bi�iBQM�`v TQBMi Q7 i?2 G�;`�M;B�MX
6m`i?2`KQ`2- r2 +�M `2p2`b2 Qm` HQ;B+ iQ /2/m+2 i?�i �
bi�iBQM�`v TQBMi Q7 i?2 G�;`�M;B�M Bb � HQ+�H QTiBKmKX



Lagrange Multiplier

Inequality constraint
Now consider(the primal problem)

min Q(✓)
subject to R(✓) � 0

Suppose ✓
⇤ is a local minimum. There are two cases:

• Inactive constraint: R(✓⇤) > 0 ) rQ(✓⇤) = 0 ) stationary
point of L(✓,�) with � = 0

• Active constraint: R(✓⇤) = 0 ) same as equality constraint
except we require � > 0.



G�;`�M;2 JmHiBTHB2`

AM 2Bi?2` +�b2- r2 ?�p2 λ ·R(θ∗) = 0X h?2`27Q`2- � HQ+�H
KBMBKmK b�iBb}2b UE�`mb? @Em?M@hm+F2` +QM/BiBQMbV

∇L (θ∗) = ∇Q (θ∗)− λ∇R (θ∗) = 0

λR (θ∗) = 0

λ ≥ 0

• P7i2M i?2 EEh +QM/BiBQMb K�v #2 mb2/ iQ i`�Mb7Q`K i?2
T`BK�H T`Q#H2K iQ �M 2[mBp�H2Mi /m�H T`Q#H2K- r?2`2 i?2
p�`B�#H2b #2BM; QTiBKBx2/ �`2 i?2 G�;`�M;2 KmHiBTHB2`bX



Zm�/`�iB+ S`Q;`�KKBM;

1[mBp�H2MiHv

min
β0,β

1

2
∥β∥2

bm#D2+i iQ yi
(
β0 + x⊤i β

)
≥ 1, i = 1, . . . , n

h?2 G�;`�M;2 T`BK�H Bb

Lp =
1

2
∥β∥2 −

n∑

i=1

αi

[
yi
(
β0 + x⊤i β

)
− 1

]

r?2`2 αi ≥ 0X
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Quadratic Programming

• Dual problem:
max
↵

min
�0,�

Lp

• Firstly,
min
�0,�

Lp

• Setting the derivatives to zero, we get

@

@�
: � =

nX

i=1

↵iyixi

@

@�0
: 0 =

nX

i=1

↵iyi



Zm�/`�iB+ S`Q;`�KKBM;

am#biBimiBM; BMiQ i?2 G�;`�M;2 T`BK�H- r2 Q#i�BM i?2 G�;`�M;2
/m�H

LD =
n∑

i=1

αi −
1

2

n∑

i=1

n∑

i′=1

αiαi′yiyi′x
⊤
i xi′

q2 K�tBKBx2 LD bm#D2+i iQ

αi ≥ 0

�M/
n∑

i=1

αiyi = 0
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Quadratic Programming

• Let ↵
? = (↵?

1, . . . ,↵
?
n) is the solution of dual problem, then

we can get the solution of the primal problem by

8
>>>><

>>>>:

�
? =

nX

i=1

↵
?
i yixi

�
?
0 = yj �

nX

i=1

↵
?
i yi(xi · xj), 8↵j > 0

• Show the above solution. KKT condition

• Is the solution �0 unique?

• Hyperplane: �
?
0 + �

?
X = 0

• Classification dexision function: f(x) = sign(�?
0 + �

?
X)



Zm�/`�iB+ S`Q;`�KKBM;

• JBMBKBx2 Lp rBi? `2bT2+i iQ T`BK�H p�`B�#H2b β0-β
• J�tBKBx2 LD rBi? `2bT2+i iQ /m�H p�`B�#H2b αi

• J�tBKBxBM; i?2 /m�H Bb Q7i2M � bBKTH2` +QMp2t ZS i?�M i?2
T`BK�HX



Support Vectors

The Karush-Kuhn-Tucker conditions include

↵̂i

h
yi

⇣
�̂0 + x

>
i �̂

⌘
� 1

i
= 0

This imply

• If yif̂(xi) > 1, then ↵̂i = 0, the point outside the margin
boundary.

• If ↵̂i > 0, then yif̂(xi) = 1, or in other words,
�0 + �xi = ±1,xi is on the boundary of the ”slab”. support
vectors.

• The solution �̂ =
Pn

i=1 ↵iyixi is defined in terms of a linear
combination of the support points.



Example
Example: x1 = (3, 3), y1 = 1, x2 = (4, 3), y2 = 1, x3 = (1, 1), y3 = �1.

x1=(3,3)x1=(3,3)x1=(3,3) x2=(4,3)x2=(4,3)x2=(4,3)

x3=(1,1)x3=(1,1)x3=(1,1)
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• Primal problem

min
�0,�

1
2

�
�2
1 + �2

2

�
subject to

8
<

:

3�1 + 3�2 + �0 � 1
4�1 + 3�2 + �0 � 1
��1 � �2 � �0 � 1

Solution: �1 = �2 = 1
2 , �0 = �1.

Hyperplane:
1
2X1 + 1

2X2 � 2 = 0.
• Dual problem ?



Non-separable Data
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The data on the left are
not separable by a linear
boundary.

This is often the case,
unless N < p.
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Noisy Data
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Sometimes the data are separable, but noisy. This can lead to a
poor solution for the maximal-margin classifier.

The support vector classifier maximizes a soft margin.

7 / 21



Noisy Data

−1 0 1 2 3

−
1

0
1

2
3

−1 0 1 2 3

−
1

0
1

2
3

X1X1
X

2

X
2

Sometimes the data are separable, but noisy. This can lead to a
poor solution for the maximal-margin classifier.

The support vector classifier maximizes a soft margin.

7 / 21









Support Vector Classifier
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maximize
�0,�1,...,�p,✏1,...,✏n

M subject to
pX

j=1

�2
j = 1,

yi(�0 + �1xi1 + �2xi2 + . . .+ �pxip) � M(1� ✏i),

✏i � 0,
nX

i=1

✏i  C,
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C is a regularization parameter
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Computing the Support Vector Classifier

we can drop the norm constraint on �, define M = 1
k�k the

equivalent form

min k�k2 subject to

⇢
yi
�
x
T
i � + �0

�
� 1� ⇠i, 8i

⇠i � 0,
P

⇠i  constant
(1)

• This is the usual way the support vector classifier is defined
for the non-separable case.

• points well inside their class boundary do not play a big
role in shaping the boundary.



Support Vector Classifier

Figure 1: *



Computing the Support Vector Classifier

min
�,�0

1

2
k�k2 + C

NX

i=1

⇠i

subject to ⇠i � 0, yi
�
x
T
i � + �0

�
� 1� ⇠i8i

(12.8)

where the “cost” parameter C replaces the constant in (12.7);
the separable case corresponds to C = 1.
The Lagrange (primal) function is

Lp =
1

2
k�k+C

NX

i=1

⇠i�
NX

i=1

↵i
⇥
yi
�
x
T
i � + �0

�
� (1� ⇠i)

⇤
�

NX

i=1

µi⇠i

(12.9)



*QKTmiBM; i?2 amTTQ`i o2+iQ` *H�bbB}2`
q?B+? r2 KBMBKBx2 rX`Xi β,β0 �M/ ξiX a2iiBM; i?2 `2bT2+iBp2
/2`Bp�iBp2b iQ x2`Q- r2 ;2i

β =
N∑

i=1

αiyixi URkXRyV

0 =
N∑

i=1

αiyi URkXRRV

αi = C − µi, ∀i URkXRkV
�b r2HH �b i?2 TQbBiBpBiv +QMbi`�BMib αi, µi, ξi ≥ 0, ∀iX "v
bm#biBimiBM; URkXRyV@URkXRkV BMiQ URkXNV- r2 Q#i�BM i?2
G�;`�M;B�M UqQH72V /m�H Q#D2+iBp2 7mM+iBQM

LD =
N∑

i=1

αi −
1

2

N∑

i=1

N∑

i′=1

αiαi′yiyi′x
T
i xi′ URkXRjV



Computing the Support Vector Classifier

• We can get the dual problem of (12.8)

max
↵

LD subject to

⇢
0  ↵i  C, 8iWhyPN

i=1 ↵iyi = 0

• Karush-Kuhn-Tucker conditions include the constraints

↵i
⇥
yi
�
x
T
i � + �0

�
� (1� ⇠i)

⇤
= 0 (12.14)

µi⇠i = 0 (12.15)

yi
�
x
T
i � + �0

�
� (1� ⇠i) � 0 (12.16)

• Together these equations (12.10)-(12.16) uniquely
characterize the solution to the primal and dual problem.

• From (12.10) we see that the solution for � has the form

�̂ =
NX

i=1

↵̂iyixi (12.17)



Computing the Support Vector Classifier

• For ↵̂i = 0, then ⇠̂i = 0, points are outside the margin.

• For ↵̂i > 0, which are called the support vectors.

• For 0 < ↵̂i < C, then ⇠̂i = 0 why, means these support
points lie on the edge of the margin;

• For ↵̂i = C and 0 < ⇠̂i < 1

• For ↵̂i = C and ⇠̂i = 1

• For ↵̂i = C and ⇠̂i > 1

• From (12.14) we can see that any of these margin points
(0 < ↵̂i, ⇠̂i = 0) can de used to solve for �0, and we typically
use an average of all the solutions for numerical stability.

• Given the solution �̂0 and �̂, the decision function is

Ĝ(x) = sign[f̂(x)] = sign
h
x
T
�̂ + �̂0

i
(12.18)



h?2 aoJ �b � S2M�HBx�iBQM J2i?Q/

• h?2 bi�M/�`/ aoJ,

min
β0,β,ξ

1

2
∥β∥2 + C

n∑

i=1

ξi

bm#D2+i iQξi ≥ 0, yi
(
β0 + x⊤

i β
)
≥ 1− ξi, i = 1, 2, · · · , n URV

r?2`2 ξ = (ξ1, ξ2, · · · , ξn) �`2 i?2 bH�+F p�`B�#H2b �M/ C > 0 Bb �
+QMbi�MiX

• h?2 +QMbi`�BMi Q7 URV +�M #2 r`Bii2M �b
ξi ≥

[
1− yi

(
β0 + x⊤

i β
)]

+
, i = 1, 2, · · · , n

• h?2M P#D2+iBp2 7mM+iBQM,

1

2
∥β∥2 + C

n∑

i=1

ξi ≥
1

2
∥β∥2 + C

n∑

i=1

[
1− yi

(
β0 + x⊤

i β
)]

+

A7 �M/ QMHv B7 ξi =
[
1− yi

(
β0 + x⊤

i β
)]

+
, i?2 �#Qp2 BM2[m�HBiv

i�F2b Ǵ4ǴX



h?2 aoJ �b � S2M�HBx�iBQM J2i?Q/

• h?2M i?2 bQHmiBQM Q7 β0,β BM URV Bb i?2 b�K2 �b i?2 bQHmiBQM
Q7 i?2 7QHHQrBM; QTiBKBx�iBQM T`Q#H2K,

min
β0,β

1

2
∥β∥2 + C

n∑

i=1

[
1− yi

(
β0 + x⊤

i β
)]

+

• G2i λ = 1/C- h?2 �#Qp2 QTiBKBx�iBQM T`Q#H2K Bb 2[mBp�H2Mi
iQ

min
β0,β

n∑

i=1

[
1− yi

(
β0 + x⊤

i β
)]

+
+

λ

2
∥β∥2 UkV

• h?Bb ?�b i?2 7Q`K ǴHQbb Y T2M�Hiv Ǵ- r?B+? Bb � 7�KBHB�`
T�`�/B;K BM 7mM+iBQM 2biBK�iBQMX

Kuangnan Fang
Exercise:Prove It



Implication of the Hinge Loss

• Consider the expectation of the loss

function:

E(`(yf)|x) = `(f) Pr(y = 1|x)
+`(�f) Pr(y = �1|x)

• Minimize expected loss when `(.) is
hinge loss or 0-1 loss, obtain:

f(x) = sign

✓
Pr(y = 1|x)�

1

2

◆

• 0-1 loss is the true loss function in
binary classification.

• But the following optimization problem is di�cult.

min
f

1
n

nP
i=1

I[yif(xi)<0]

• Since the solution to minimize the expected loss is the same, the hinge

loss is also called the surrogate loss function.

• Compared with the perceptron loss, the hinge loss is not only classified

correctly, but also the loss is only 0 when the confidence is high enough,

that is, the hinge loss has higher requirements for learning.



Compare with other commonly used loss functions

• SVM Hinge Loss: [1� yf(x)]+
• Logistic Regression Loss:

log[1 + e�yf(x)]

• Squared Error:

[y � f(x)]2 = [1� yf(x)]2

• Huberized Hinge Loss:

`(yf) =

8
<

:

0, yf > 1
(1� yf)2/(2�), 1� � < yf  1
1� t� �/2, yf  1� �.

where � > 0 is a pre-specfied constant.

• Examination of the hinge loss function

shows that it is reasonable for two-class

classification, when compared to Logistic loss and Squared error.

• Logistic loss has similar tails as the SVM loss, but there is never zero
penalty for points well inside their margin.

• Squared error gives a quadratic penalty, and points well inside their own
margin have a strong influence on the model as well.

• Rosset and Zhu (2007) proposed a Huberized hinge loss, which is very

similar to hinge loss in shape.



Hinge Loss and Huberized Loss

• As the � decreases, the hubrized loss
gets closer to the hinge loss. In fact,
when � ! 0, the limit of hubrized
loss is the hinge loss.

• Unlike the hinge loss, the huberized
loss function is di↵erentiable every-
where.

• It is easy to prove that the huberiz-
ed loss is satisfied

argmin
f

E[`(yf)|x] = 2Pr(y = 1|x)�1 = E(y|x)

E(y|x) > 0 , sign[Pr(y = 1|x)�
1

2
] > 0.

• Rosset and Ji Zhu(2007): In the model with logistic loss, huberized
loss, and square hinge loss with `1-penalty, the impact of outliers on
the received huberized loss model is minimal.



Support Vector versus Logistic Regression?

With f(X) = �0 + �1X1 + . . .+ �pXp can rephrase
support-vector classifier optimization as

minimize
�0,�1,...,�p

8
<

:

nX

i=1

max [0, 1� yif(xi)] + �
pX

j=1

�2
j

9
=

;

−6 −4 −2 0 2

0
2

4
6

8

L
o

ss

SVM Loss
Logistic Regression Loss

yi(�0 + �1xi1 + . . . + �pxip)

This has the form
loss plus penalty.
The loss is known as the
hinge loss.
Very similar to “loss” in
logistic regression (negative
log-likelihood).
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Which to use: SVM or Logistic Regression

• When classes are (nearly) separable, SVM does better than
LR. So does LDA.

• When not, LR (with ridge penalty) and SVM very similar.

• If you wish to estimate probabilities, LR is the choice.

• For nonlinear boundaries, kernel SVMs are popular. Can
use kernels with LR and LDA as well, but computations
are more expensive.
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l1@aoJ

• h?2 T2M�Hiv Q7 aoJ Bb +�HH2/ i?2 `B/;2 T2M�HivX Ai Bb r2HH FMQrM
i?�i i?Bb b?`BMF�;2 ?�b i?2 2z2+i Q7 +QMi`QHHBM; i?2 p�`B�M+2b Q7 β̂c

• >2M+2 TQbbB#Hv BKT`Qp2b i?2 }ii2/ KQ/2Hb T`2/B+iBQM �++m`�+v-
2bT2+B�HHv r?2M i?2`2 �`2 K�Mv ?B;?Hv +Q``2H�i2/ 72�im`2bX

• h?2 aoJ mb2b �HH p�`B�#H2b BM +H�bbB}+�iBQM- r?B+? +QmH/ #2 �
;`2�i /Bb�/p�Mi�;2 BM ?B;?@/BK2MbBQM�H +H�bbB}+�iBQMX

• �TTHv H�bbQ T2M�Hiv Ul1@MQ`KV iQ i?2 aoJ- *QMbB/2` i?2
QTiBKBx�iBQM T`Q#H2KUl1@aoJV

min
β0,β

1

n

n∑

i=1

[
1− yi

(
β0 + x⊤

i β
)]

+
+ λ∥β∥1

• i?2 l1@aoJ Bb �#H2 iQ �miQK�iB+�HHv /Bb+�`/ B``2H2p�Mi
72�im`2bX

• AM i?2 T`2b2M+2 Q7 K�Mv MQBb2 p�`B�#H2b- i?2 l1@aoJ ?�b
bB;MB}@ +�Mi �/p�Mi�;2b Qp2` i?2 bi�M/�`/ aoJX



l1@aoJ

• h?2 QTiBKBx�iBQM T`Q#H2K Q7 l1@aoJ Bb � HBM2�` T`Q;`�K
rBi? K�Mv +QMbi`�BMib- �M/ 2+B2Mi �H;Q`Bi?Kb +�M #2
+QKTH2tX

• h?2 bQHmiBQM T�i?b +�M ?�p2 K�Mv DmKTb- �M/ b?Qr K�Mv
/Bb+QMiBMmBiB2bX 6Q` i?Bb `2�bQM- bQK2 �mi?Q`b T`272` iQ
`2TH�+2 i?2 mbm�H ?BM;2 HQbb rBi? Qi?2` bKQQi? HQbb
7mM+iBQM- bm+? �b b[m�`2 ?BM;2 HQbb- ?m#2`Bx2/ ?BM;2 HQbb-
2i+X Uw?m- _Qbb2i- >�biB2- kyy9VX

• h?2 MmK#2` Q7 p�`B�#H2b b2H2+i2/ #v i?2 l1@MQ`K T2M�Hiv Bb
mTT2` #QmM/2/ #v i?2 b�KTH2 bBx2 nX

• 6Q` ?B;?Hv +Q``2H�i2/ �M/ `2H2p�Mi p�`B�#H2b- i?2 l1@MQ`K
T2M�Hiv i2M/b iQ b2H2+i QMHv QM2 Q` � 72r Q7 i?2KX



h?2 ?v#`B/ ?m#2`Bx2/ aoJU>>aoJV

• GB q�M;- CB w?m �M/ >mB wQmUkyydV �TTHv i?2 2H�biB+M2i
T2M�Hiv iQ i?2 aoJ �M/ T`QTQb2 i?2 >>aoJ,

min
(β0,β)

n∑

i=1

ℓ
(
yi
(
β0 + x⊤

i β
))

+ λ1∥β∥1 +
λ2

2
∥β∥22 UjV

q?2`2 i?2 HQbb 7mM+iBQM Bb ?m#2`Bx2/ ?BM;2 HQbb,

ℓ(yf) =

⎧
⎨

⎩

0, yf > 1
(1− yf)2/(2δ), 1− δ < yf ≤ 1
1− yf − δ/2, yf ≤ 1− δ

�M/ δ > 0 Bb � T`2@bT2+B}2/ +QMbi�MiX h?2 /2H7�mHi +?QB+2
7Q` δ Bb k mMH2bb bT2+B}2/ Qi?2`rBb2X



Linear boundary can fail

−4 −2 0 2 4

−
4

−
2

0
2

4

−4 −2 0 2 4

−
4

−
2

0
2

4

X1X1

X
2

X
2

Sometime a linear bound-
ary simply won’t work,
no matter what value of
C.

The example on the left
is such a case.

What to do?
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Feature Expansion

• Enlarge the space of features by including transformations;
e.g. X2

1 , X
3
1 , X1X2, X1X2

2 ,. . .. Hence go from a
p-dimensional space to a M > p dimensional space.

• Fit a support-vector classifier in the enlarged space.

• This results in non-linear decision boundaries in the
original space.

Example: Suppose we use (X1, X2, X2
1 , X

2
2 , X1X2) instead of

just (X1, X2). Then the decision boundary would be of the form

�0 + �1X1 + �2X2 + �3X
2
1 + �4X

2
2 + �5X1X2 = 0

This leads to nonlinear decision boundaries in the original space
(quadratic conic sections).
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?vT2`TH�M2 /BpB/ T@/BK2MbBQM�H bT�+2 BMiQ irQ ?�Hp2b

r2 +QmH/ BMbi2�/ }i � bmTTQ`i p2+iQ` +H�bbB}2` mbBM; 2p 72�im`2b

X1, X
2
1 , X2, X

2
2 , · · · , Xp, X

2
p

h?2M UNXRkV@UNXR8V rQmH/ #2+QK2

K�tBKBx2
β0,β11,β12...,βp1,βp2,ϵ1,...,ϵn

M

bm#D2+i iQ yi

⎛

⎝β0 +
p∑

j=1

βj1xij +
p∑

j=1

βj2x
2
ij

⎞

⎠ ≥ M (1− ϵi)

n∑

i=1

ϵi ≤ C, ϵi ≥ 0,
p∑

j=1

2∑

k=1

β2
jk = 1

UNXReV



Spam Detection

• data from 4601 emails sent to an individual (named George,
at HP labs, before 2000). Each is labeled as spam or email.

• goal: build a customized spam filter.

• input features: relative frequencies of 57 of the most
commonly occurring words and punctuation marks in these
email messages.

george you hp free ! edu remove

spam 0.00 2.26 0.02 0.52 0.51 0.01 0.28
email 1.27 1.27 0.90 0.07 0.11 0.29 0.01

Average percentage of words or characters in an email message equal

to the indicated word or character. We have chosen the words and

characters showing the largest di↵erence between spam and email.

13 / 29

Kuangnan Fang
Example:

Kuangnan Fang
Decision tree; randomforest; boosting; linear SVM
Using measurement: sensitivity specificity ROC AUC

Kuangnan Fang
spam {ElemStatLearn}



Cubic Polynomials

Here we use a basis
expansion of cubic poly-
nomials

From 2 variables to 9

The support-vector clas-
sifier in the enlarged
space solves the problem
in the lower-dimensional
space
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2
1+�4X

2
2+�5X1X2+�6X
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2
1X2 = 0
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Nonlinearities and Kernels

• Polynomials (especially high-dimensional ones) get wild
rather fast.

• There is a more elegant and controlled way to introduce
nonlinearities in support-vector classifiers — through the
use of kernels.

• Before we discuss these, we must understand the role of
inner products in support-vector classifiers.

13 / 21



Inner products and support vectors

hxi, xi0i =
pX

j=1

xijxi0j — inner product between vectors

• The linear support vector classifier can be represented as

f(x) = �0 +
nX

i=1

↵ihx, xii — n parameters

• To estimate the parameters ↵1, . . . ,↵n and �0, all we need
are the

�n
2

�
inner products hxi, xi0i between all pairs of

training observations.
It turns out that most of the ↵̂i can be zero:

f(x) = �0 +
X

i2S
↵̂ihx, xii

S is the support set of indices i such that ↵̂i > 0. [see slide 8]
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Kernels and Support Vector Machines

• If we can compute inner-products between observations, we
can fit a SV classifier. Can be quite abstract!

• Some special kernel functions can do this for us. E.g.

K(xi, xi0) =

0

@1 +
pX

j=1

xijxi0j

1

A
d

computes the inner-products needed for d dimensional
polynomials —

�p+d
d

�
basis functions!

Try it for p = 2 and d = 2.

• The solution has the form

f(x) = �0 +
X

i2S
↵̂iK(x, xi).

15 / 21



Kernels and Support Vector Machines

• If we can compute inner-products between observations, we
can fit a SV classifier. Can be quite abstract!

• Some special kernel functions can do this for us. E.g.

K(xi, xi0) =

0

@1 +
pX

j=1

xijxi0j

1

A
d

computes the inner-products needed for d dimensional
polynomials —

�p+d
d

�
basis functions!

Try it for p = 2 and d = 2.

• The solution has the form

f(x) = �0 +
X

i2S
↵̂iK(x, xi).

15 / 21



Kernels and Support Vector Machines

• If we can compute inner-products between observations, we
can fit a SV classifier. Can be quite abstract!

• Some special kernel functions can do this for us. E.g.

K(xi, xi0) =

0

@1 +
pX

j=1

xijxi0j

1

A
d

computes the inner-products needed for d dimensional
polynomials —

�p+d
d

�
basis functions!

Try it for p = 2 and d = 2.

• The solution has the form

f(x) = �0 +
X

i2S
↵̂iK(x, xi).

15 / 21



Kernels and Support Vector Machines

• If we can compute inner-products between observations, we
can fit a SV classifier. Can be quite abstract!

• Some special kernel functions can do this for us. E.g.

K(xi, xi0) =

0

@1 +
pX

j=1

xijxi0j

1

A
d

computes the inner-products needed for d dimensional
polynomials —

�p+d
d

�
basis functions!

Try it for p = 2 and d = 2.

• The solution has the form

f(x) = �0 +
X

i2S
↵̂iK(x, xi).

15 / 21



Radial Kernel

K(xi, xi0) = exp(��
pX

j=1

(xij � xi0j)
2).
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f(x) = �0+
X

i2S
↵̂iK(x, xi)

Implicit feature space;
very high dimensional.

Controls variance by
squashing down most
dimensions severely
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Example: Heart Data

False positive rate
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Support Vector Classifier
LDA
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Support Vector Classifier

SVM: γ=10−3

SVM: γ=10−2

SVM: γ=10−1

ROC curve is obtained by changing the threshold 0 to threshold
t in f̂(X) > t, and recording false positive and true positive
rates as t varies. Here we see ROC curves on training data.
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SVMs: more than 2 classes?

The SVM as defined works for K = 2 classes. What do we do if
we have K > 2 classes?

OVA One versus All. Fit K di↵erent 2-class SVM
classifiers f̂k(x), k = 1, . . . ,K; each class versus
the rest. Classify x⇤ to the class for which f̂k(x⇤)
is largest.

OVO One versus One. Fit all
�K
2

�
pairwise classifiers

f̂k`(x). Classify x⇤ to the class that wins the most
pairwise competitions.

Which to choose? If K is not too large, use OVO.
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amTTQ`i p2+iQ` `2;`2bbBQM

AM i?Bb b2+iBQM r2 b?Qr ?Qr aoJb +�M #2 �/�Ti2/ 7Q`
`2;`2bbBQM rBi? � [m�MiBi�iBp2 `2bTQMb2- BM r�vb i?�i BM?2`Bi
bQK2 Q7 i?2 T`QT2`iB2b Q7 i?2 aoJ +H�bbB}2`X q2 }`bi /Bb+mbb
i?2 HBM2�` `2;`2bbBQM KQ/2H

f(x) = xTβ + β0 URkXj8V

�M/ i?2M ?�M/H2 MQMHBM2�` ;2M2`�HBx�iBQMbX hQ 2biBK�i2 β- r2
+QMbB/2` KBMBKBx�iBQM Q7

H (β,β0) =
N∑

i=1

V (yi − f (xi)) +
λ

2
∥β∥2 URkXjeV



amTTQ`i p2+iQ` `2;`2bbBQM

Vϵ(r) =

{
0 B7 |r| < ϵ
|r|− ϵ, Qi?2`rBb2 URkXjdV

h?Bb Bb �M ǳϵ@BMb2MbBiBp2Ǵ 2``Q` K2�bm`2- B;MQ`BM; 2``Q`b Q7 bBx2 H2bb i?�M ϵ
UH27i T�M2H Q7 6B;m`2 RkX3V h?2`2 Bb � `Qm;? �M�HQ;v rBi? i?2 bmTTQ`i p2+iQ`
+H�bbB}+�iBQM b2imT- r?2`2 TQBMib QM i?2 +Q``2+i bB/2 Q7 i?2 /2+BbBQM
#QmM/�`v �M/ 7�` �r�v 7`QK Bi- �`2 B;MQ`2/ BM i?2 QTiBKBx�iBQMX AM
`2;`2bbBQM- i?2b2 ǳHQr 2``Q`Ǵ TQBMib �`2 i?2 QM2b rBi? bK�HH `2bB/m�HbX Ai Bb
BMi2`2biBM; iQ +QMi`�bi i?Bb rBi? 2``Q` K2�bm`2b mb2/ BM `Q#mbi `2;`2bbBQM BM
bi�iBbiB+bX h?2 KQbi TQTmH�`- /m2 iQ >m#2` URNe9V- ?�b i?2 7Q`K

VH(r) =

{
r2/2 B7|r| < c
c|r|− c2/2, B7|r| > c

URkXj3V

b?QrM BM i?2 `B;?i T�M2H Q7 6B;m`2 RkX3X h?Bb 7mM+iBQM `2/m+2b 7`QK
[m�/`�iB+ iQ HBM2�` i?2 +QMi`B#miBQMb Q7 Q#b2`p�iBQMb rBi? �#bQHmi2 `2bB/m�H
;`2�i2` i?�M � T`2+?Qb2M +QMbi�Mi cX h?Bb K�F2b i?2 }iiBM; H2bb b2MbBiBp2 iQ
QmiHB2`bX h?2 bmTTQ`i p2+iQ` 2``Q` K2�bm`2 URkXjdV �HbQ ?�b HBM2�` i�BHb
U#2vQM/ ϵV- #mi BM �//BiBQM Bi ~�ii2Mb i?2 +QMi`B#miBQMb Q7 i?Qb2 +�b2b rBi?
bK�HH `2bB/m�HbX



Support vector regression



amTTQ`i p2+iQ` `2;`2bbBQM
�b /Bb+mbb2/ BM a2+iBQM RkXjXj- i?Bb F2`M2H T`QT2`iv Bb MQi
mMB[m2 iQ bmTTQ`i p2+iQ` K�+?BM2bX amTTQb2 r2 +QMbB/2`
�TT`QtBK�iBQM Q7 i?2 `2;`2bbBQM 7mM+iBQM BM i2`Kb Q7 � b2i Q7
#�bBb 7mM+iBQMb {hm(x)}- m = 1, 2, · · · ,M ,

f(x) =
M∑

m=1

βmhm(x) + β0 URkX9kV

hQ 2biBK�i2 β �M/ β0 r2 KBMBKBx2

H(β,β0) =
N∑

i=1

V (yi − f(xi)) +
λ

2

∑
β2
m URkX9jV

7Q` bQK2 ;2M2`�H 2``Q` K2�bm`2 V (r)X 6Q` �Mv +?QB+2 Q7 V (r)-
i?2 bQHmiBQM f̂(x) =

∑
β̂mhm(x) + β̂0 ?�b i?2 7Q`K

f̂(x) =
N∑

i=1

α̂iK(x, xi) URkX99V



amTTQ`i p2+iQ` `2;`2bbBQM
rBi? K(x, y) =

∑M
m=1 hm(x)hm(y)X LQiB+2 i?�i i?Bb ?�b i?2

b�K2 7Q`K �b #Qi? i?2 `�/B�H #�bBb 7mM+iBQM 2tT�MbBQM �M/ �
`2;mH�`Bx�iBQM 2biBK�i2- /Bb+mbb2/ BM *?�Ti2`b 8 �M/ eX
6Q` +QM+`2i2M2bb- H2iǶb rQ`F Qmi i?2 +�b2 V (r) = r2X G2i H #2
i?2 N ×M #�bBb K�i`Bt rBi? imi? 2H2K2Mi hm(xi)- �M/
bmTTQb2 i?�i M > N Bb H�`;2X 6Q` bBKTHB+Biv r2 �bbmK2 i?�i
β0 = 0- Q` i?�i i?2 +QMbi�Mi Bb �#bQ`#2/ BM hc b22 1t2`+Bb2 RkXj
7Q` �M �Hi2`M�iBp2X
q2 2biBK�i2 β #v KBMBKBxBM; i?2 T2M�HBx2/ H2�bi b[m�`2b
+`Bi2`BQM

H(β) = (y −Hβ)T (y −Hβ) + λ ∥β∥2 URkX98V
h?2 bQHmiBQM Bb

ŷ = Hβ̂ URkX9eV
rBi? β̂ /2i2`KBM2/ #v

−HT
(
y −Hβ̂

)
+ λβ̂ = 0 URkX9dV



amTTQ`i p2+iQ` `2;`2bbBQM
6`QK i?Bb Bi �TT2�`b i?�i r2 M22/ iQ 2p�Hm�i2 i?2 M ×M K�i`Bt Q7 BMM2`
T`Q/m+ib BM i?2 i`�Mb7Q`K2/ bT�+2X >Qr2p2`- r2 +�M T`2KmHiBTHv #v H iQ
;Bp2

Hβ̂ =
(
HHT + λI

)−1
HHTy URkX93V

h?2 N ×NK�i`Bt HHT +QMbBbib Q7 BMM2` T`Q/m+ib #2ir22M T�B`b Q7
Q#b2`p�iBQMb i, i′c i?�i Bb- i?2 2p�Hm�iBQM Q7 �M BMM2` T`Q/m+i F2`M2H
{HHT }i,i′ = K(xi, xi′)X Ai Bb 2�bv iQ b?Qr URkX99V /B`2+iHv BM i?Bb +�b2- i?�i
i?2 T`2/B+i2/ p�Hm2b �i �M �`#Bi`�`v x b�iBb7v

f̂(x) = h(x)T β̂

=
N∑

i=1

α̂iK(x, xi)
URkX9NV

r?2`2 α̂ = (HHT + λI)−1yX �b BM i?2 bmTTQ`i p2+iQ` K�+?BM2- r2 M22/ MQi
bT2+B7v Q` 2p�Hm�i2 i?2 H�`;2 b2i Q7 7mM+iBQMb h1(x), h2(x), · · · , hm(x)X PMHv
i?2 BMM2` T`Q/m+i F2`M2H K(xi, xi′) M22/ #2 2p�Hm�i2/- �i i?2 N i`�BMBM;
TQBMib 7Q` 2�+? i, i′ �M/ �i TQBMib x 7Q` T`2/B+iBQMb i?2`2X *�`27mH +?QB+2 Q7
hm Ubm+? �b i?2 2B;2M7mM+iBQMb Q7 T�`iB+mH�`- 2�bv@iQ@2p�Hm�i2 F2`M2Hb KV
K2�Mb- 7Q` 2t�KTH2- i?�i HHT +�M #2 +QKTmi2/ �i � +Qbi Q7 N2/2
2p�Hm�iBQMb Q7 K- `�i?2` i?�M i?2 /B`2+i +Qbi N2M X


