
Data Mining and Machine Learning

Kuangnan Fang

Department of Statistics, Xiamen University
Email: xmufkn@xmu.edu.cn

Figure 1:*

February 16, 2020



ClassiÞcation

¥ Qualitative variables take values in an unordered setC,
such as:
eye color ! { brown, blue , green}
email ! { spam, ham} .

¥ Given a feature vectorX and a qualitative responseY
taking values in the set C, the classiÞcation task is to build
a function C(X ) that takes as input the feature vector X
and predicts its value for Y ; i.e. C(X ) ! C.

¥ Often we are more interested in estimating theprobabilities
that X belongs to each category inC.

For example, it is more valuable to have an estimate of the
probability that an insurance claim is fraudulent, than a
classiÞcation fraudulent or not.
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Example: Credit Card Defualt
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Can we use Linear Regression?

Suppose for theDefault classiÞcation task that we code

Y =
!

0 if No
1 if Yes.

Can we simply perform a linear regression ofY on X and
classify asYes if öY > 0.5?

Two problems: coding & [0, 1]



Can we use Linear Regression?
Suppose for theDefault classiÞcation task that we code

Y =

!
0 if No

1 if Yes.

Can we simply perform a linear regression ofY on X and
classify asYes if öY > 0.5?

¥ In this case of a binary outcome, linear regression does a
good job as a classiÞer, and is equivalent tolinear
discriminant analysis which we discuss later.

¥ Since in the population E(Y |X = x) = Pr( Y = 1 |X = x),
we might think that regression is perfect for this task.

¥ However, linear regression might produce probabilities less
than zero or bigger than one.Logistic regressionis more
appropriate.
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Linear versus Logistic Regression
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The orange marks indicate the responseY , either 0 or 1. Linear
regression does not estimate Pr(Y = 1 |X ) well. Logistic
regression seems well suited to the task.
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Logistic Regression

Linear regression

LetÕs writep(X ) = Pr( Y = 1 |X ) for short and consider using
balanceto predict default. Logistic regression uses the form

p(X ) =
e! 0+ ! 1X

1 + e! 0+ ! 1X .

(e ! 2.71828 is a mathematical constant [EulerÕs number.])
It is easy to see that no matter what values! 0,! 1, or X takes,
p(X ) will have values between 0 and 1.



Logistic Regression
LetÕs writep(X ) = Pr( Y = 1 |X ) for short and consider using
balanceto predict default. Logistic regression uses the form

p(X ) =
e! 0+ ! 1X

1 + e! 0+ ! 1X .

(e ! 2.71828 is a mathematical constant [EulerÕs number.])
It is easy to see that no matter what values! 0,! 1, or X takes,
p(X ) will have values between 0 and 1.
A bit of rearrangement gives

log
!

p(X )
1 " p(X )

"
= ! 0 + ! 1X

This monotone transformation is called the log oddsor logit
transformation of p(X ). The relationship between p(X ) and X is

nonlinear. If ! 1 > 0, p(X ) increases with X .

Q: What the expression if we codey with " 1 and 1?



Linear versus Logistic Regression
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Logistic regression ensures that our estimate forp(X ) lies
between 0 and 1.
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Maximum Likelihood

How to estimate?

We use maximum likelihood to estimate the parameters.

! (" 0, " ) =
!

i :yi =1

p(xi )
!

i :yi =0

(1 ! p(xi )) .

This likelihood gives the probability of the observed zeros and
ones in the data. We pick" 0 and " 1 to maximize the likelihood
of the observed data.



Maximum Likelihood

We use maximum likelihood to estimate the parameters.

! (" 0, " ) =
"

i :yi =1

p(xi )
"

i :yi =0

(1 " p(xi )) .

This likelihood gives the probability of the observed zeros and
ones in the data. We pick" 0 and " 1 to maximize the likelihood
of the observed data.

Most statistical packages can Þt linear logistic regression models
by maximum likelihood. In Rwe use theglm function.

Coe! cient Std. Error Z-statistic P-value
Intercept -10.6513 0.3612 -29.5 < 0.0001
balance 0.0055 0.0002 24.9 < 0.0001
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Coe! cients estimation for logistic regression
¥ The log-likelihood can be written

! (" ) =
N!

i =1

{ yi log p (xi ; " ) + (1 ! yi ) log (1 ! p (xi ; " )) }

=
N!

i =1

"
yi "

T xi ! log
#

1 + e! T x i
$%

.

(4.20)

Cross entropy loss: ! (" )
Here " = { " 10 , " 1} , and we assume that the vector of inputs xi

includes the constant term 1 to accommodate the intercept.
To maximize the log-likelihood, we set its derivatives to zero. These
score equations are

#! (" )
#"

=
N!

i =1

xi (yi ! p (xi ; " )) = 0 , (4.21)

which are p + 1 equations nonlinear in " . Notice that since the Þrst
component of xi is 1, the Þrst score equation speciÞes that& N

i =1 yi =
& N

i =1 p (xi ; " ); the expectednumber of class ones matches
the observed number (and hence also class twos.)
Unlike linear regression, we can no longer write down in closed form



Coe! cients estimation for logistic regression

To solve the score equations (4.21), we use the Newton-Raphson
algorithm, which requires the second-derivative or Hessian
matrix

! 2"(#)
!#!# T = !

N!

i =1

xi xT
i p (xi ; #) (1 ! p(xi ; #)) . (4.22)

Starting with #old , a single Newton update is

#new = #old !
"

! 2"(#)
!#!# T

# ! 1 !" (#)
!#

. (4.23)

where the derivatives are evaluated at#old .



Coe! cients estimation for logistic regression
y denote the vector ofyi values,X the N ! (p+ 1) matrix of xi

values, p the vector of Þtted probabilities with i th element
p

!
xi ; ! old

"
and W a N ! N diagonal matrix of weights with i th

diagonal elementp
!
xi ; ! old

"
(1" p

!
xi ; ! old

""
. Then we have

"#(! )
"!

= X T (y " p) (4.24)

" 2#(! )
"!"! T = " X T WX (4.25)

The Newton step is thus

! new = ! old +
!
X T WX

"! 1
X T (y " p)

=
!
X T WX

"! 1
X T W

#
X ! old + W ! 1(y " p)

$

=
!
X T WX

"! 1
X T Wz .

(4.26)



Coe! cients estimation for logistic regression

In the second and third line we have re-expressed the Newton
step as a weighted least squares step, with the response

z = X ! old + W ! 1(y ! p), (4.27)

sometimes known as theadjusted response. These equations get
solved repeatedly, since at each iterationp changes, and hence
so doesW and z. This algorithm is referred to as iteratively
reweighted least squaresor IRLS, since each iteration solves the
weighted least squares problem:

! new " arg min
!

(z ! X ! )T W (z ! X ! ). (4.28)



Making Predictions

What is our estimated probability of default for someone with
a balance of $1000?

öp(X ) =
eö! 0+ ö! 1X

1 + eö! 0+ ö! 1X
=

e! 10.6513+0.0055" 1000

1 + e! 10.6513+0.0055" 1000 = 0 .006

With a balance of $2000?

öp(X ) =
eö! 0+ ö! 1X

1 + eö! 0+ ö! 1X
=

e! 10.6513+0.0055" 2000

1 + e! 10.6513+0.0055" 2000 = 0 .586
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Lets do it again, using student as the predictor.

Coe! cient Std. Error Z-statistic P-value
Intercept -3.5041 0.0707 -49.55 < 0.0001
student[Yes] 0.4049 0.1150 3.52 0.0004

#Pr(default = Yes|student = Yes) =
e! 3.5041+0.4049" 1

1 + e! 3.5041+0.4049" 1 = 0 .0431,

#Pr(default = Yes|student = No) =
e! 3.5041+0.4049" 0

1 + e! 3.5041+0.4049" 0 = 0 .0292.
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Logistic regression with several variables

log
!

p(X )
1 ! p(X )

"
= ! 0 + ! 1X 1 + á á á+ ! pX p

p(X ) =
e! 0 + ! 1 X 1 + ááá+ ! p X p

1 + e! 0 + ! 1 X 1 + ááá+ ! p X p

Coe! cientt Std. Error Z-statistic P-value
Intercept ! 10.8690 0.4923 ! 22.08 < 0.0001
balance 0.0057 0.0002 24.74 < 0.0001
income 0.0030 0.0082 0.37 0.7115
student[Yes] ! 0.6468 0.2362 ! 2.74 0.0062

¥ Why is coe! cient for student negative, while it was positive
before?

¥ What is the F test and t-test for logistic regression? Likelihood
ratio, Wald test?

¥ Quiz: WhatÕs logistic model and likelihood function will be if we
encoding! 1 and 1 ?



Confounding
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¥ Students tend to have higher balances than non-students,
so their marginal default rate is higher than for
non-students.

¥ But for each level of balance, students default less than
non-students.

¥ Multiple logistic regression can tease this out.
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Example: South African Heart Disease

¥ 160 cases of MI (myocardial infarction) and 302 controls
(all male in age range 15-64), from Western Cape, South
Africa in early 80s.

¥ Overall prevalence very high in this region: 5.1%.

¥ Measurements on seven predictors (risk factors), shown in
scatterplot matrix.

¥ Goal is to identify relative strengths and directions of risk
factors.

¥ This was part of an intervention study aimed at educating
the public on healthier diets.
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Scatterplot ma-
trix of the South
African Heart
Diseasedata. The
response is color
coded Ñ The cases
(MI) are red, the
controls turquoise.
famhist is a binary
variable, with 1
indicating family
history of MI.
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> heartf i t <-glm(chd # . , data=heart , family = binomial )
> summary ( heartf i t )

Call :
glm( formula = chd # . , family = binomial , data = heart )

Coeff ic ients :
Est imate Std . Error z value Pr (>|z |)

( Intercept ) -4.1295997 0.9641558 -4.283 1.84e -05 ***
sbp 0.0057607 0.0056326 1.023 0.30643
tobacco 0.0795256 0.0262150 3.034 0.00242 **
ldl 0.1847793 0.0574115 3.219 0.00129 **
famhistPresent 0.9391855 0.2248691 4.177 2.96e -05 ***
obesity -0.0345434 0.0291053 -1.187 0.23529
alcohol 0.0006065 0.0044550 0.136 0.89171
age 0.0425412 0.0101749 4.181 2.90e -05 ***

( Dispersion parameter for binomial family taken to be 1)

Null deviance : 596.11 on 461 degrees of freedom
Residual deviance : 483.17 on 454 degrees of freedom
AIC : 499.17
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Case-control sampling and logistic regression

¥ In South African data, there are 160 cases, 302 controls Ñ
÷# = 0 .35 are cases. Yet the prevalence of MI in this region
is # = 0 .05.

¥ With case-control samples, we can estimate the regression
parameters" j accurately (if our model is correct); the
constant term " 0 is incorrect.

¥ We can correct the estimated intercept by a simple
transformation

ö" $
0 = ö" 0 + log

#
1 " #

" log
÷#

1 " ÷#

¥ Often cases are rare and we take them all; up to Þve times
that number of controls is su! cient. See next frame
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Diminishing returns in unbalanced binary data

SLDM III c! Hastie & Tibshirani - March 7, 2013 Linear Regression 108

2 4 6 8 10 12 14

0.
04

0.
05

0.
06

0.
07

0.
08

0.
09

Control/Case Ratio

C
oe

ffi
ci

en
t V

ar
ia

nc
e

Simulation
Theoretical Sampling more

controls than
cases reduces
the variance of
the parameter
estimates. But
after a ratio of
about 5 to 1
the variance re-
duction ßattens
out.

Sampling more
controls than
cases reduces
the variance of
the parameter
estimates. But
after a ratio of
about 5 to 1
the variance re-
duction ßattens
out.

17 / 40



Linear Regression continued

Now suppose we have a response variable with three possible
values. A patient presents at the emergency room, and we must
classify them according to their symptoms.

Y =

$
%&

%'

1 if stroke ;

2 if drug overdose ;

3 if epileptic seizure .

This coding suggests an ordering, and in fact implies that the
di" erence betweenstroke and drug overdose is the same as
betweendrug overdose and epileptic seizure .

Linear regression is not appropriate here.
Multiclass Logistic Regressionor Discriminant Analysis are
more appropriate.
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Linear Regression continued
More than two classes:
Now suppose we have a response variable with three possible
values. A patient presents at the emergency room, and we must
classify them according to their symptoms.

Y =

!
"

#

1 if stroke;
2 if drug overdose;
3 if epileptic seizure.

This coding suggests an ordering, and in fact implies that the
di! erence betweenstroke and drug overdoseis the same as
betweendrug overdoseand epileptic seizure. Here We can
rearrange the coding order.
Linear regression is not appropriate here.Di! erent codes
produce di! erent results.
Multiclass Logistic Regressionor Discriminant Analysis are
more appropriate.



Logistic regression with more than two classes

So far we have discussed logistic regression with two classes.
It is easily generalized to more than two classes. One version
(used in the R packageglmnet ) has the symmetric form

Pr(Y = k|X ) =
e! 0k + ! 1k X 1+ ...+ ! pk X p

( K
"=1 e! 0! + ! 1! X 1+ ...+ ! p! X p

Here there is a linear function foreachclass.

(The mathier students will recognize that some cancellation is
possible, and onlyK " 1 linear functions are needed as in
2-class logistic regression.)

Multiclass logistic regression is also referred to asmultinomial
regression.
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Logistic regression with more than two classes

log
Pr(G = 1 |X = x)
Pr(G = K |X = x)

= ! 10 + ! T
1 x

log
Pr(G = 2 |X = x)
Pr(G = K |X = x)

= ! 20 + ! T
2 x

...

log
Pr(G = K ! 1|X = x)

Pr(G = K |X = x)
= ! (K ! 1)0 + ! T

K ! 1x

(4.17)

The model is speciÞed in terms ofK ! 1 log-odds or logit
transformations (reßecting the constraint that the probabilities
sum to one). Although the model uses the last class as the
denominator in the odds-ratios, the choice of denominator is
arbitrary in that the estimates are equivariant under this



Research ideas:Logistic regression with more than two
classes

¥ How to conduct variable selection for multiclass logistic
regression?

¥ Should the sign of coe! cients of same variable be same/
similar? How?

¥ Should the magnitude of coe! cients of same variable be
same/ similar? How?

¥ Should the coe! cients of di" erent regression has
proportionality structure? see more on Fang et
al.(2016,CSDA)



Research ideas:identify coefÞcient proportionality
structure



Background

High medical cost has been an important contributing factor for
poverty, and medical cost had been rising signiÞcantly in China
(Fang et al, 2012). It is of interest to detect the determinants of
medical cost in China.

China Health and Nutrition Survey (CHNS) database
(http://www.cpc.unc.edu/projects/china), conducted jointly by the
Carolina Population Center at the University of North Carolina at
Chapel Hill, the National Institute of Nutrition and Food Safety, and
the Chinese Center for Disease Control and Prevention.

After removing invalid data and those with missing measurements,
we obtain 396 observations. Among them, 280 (70.71%) have
zero medical cost.
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CHNS data

Figure 1 : Analysis of CHNS data: histogram of log(Med.E + 1) for all
subjects (left panel) and for those with nonzero medical cost only (right
panel).
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Mxiture distribution data

Data with a mixture distribution are commonly encountered. For
example, outpatient clinic visits(Neelon and Malley), number of
cigaretter consumed (Han and Kronmal, 2006), medical
cost(Blough et al., 1999), insurance claim (Qian et al. 2015). A
special example is the ”zero-inflated data”.
Multiple approaches have been developed for analyzing
zero-inflated data, including for example the quasi-likelihood
method (McCulloch and Searle, 2001), penalized quasi-likelihood
method (Yau and lee, 2001), Bayesian method (Ghosh et al.
2006), and others.
An appealing approach is two-part model (Manning et al.,1987;
Olsen et al., 2001; Han and Kronmal,2006).
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Two-part model

Two-part model assumes that the distribution of the response
variable Y is

f (y) = (1 � �) (y=0) + [�⇥ N(y ;µ,�2)] (y>0), y � 0, 0  �  1,
(1)

where � = Pr(Y > 0) is the probability of a non-zero response,
(·) is the indicator function.

For subject i , let x i 2 Rp denote the vector of covariates. Denote
X = {x1

T , · · · , xn
T }. Consider model as

(
Part 1 : g(�i) = ↵1 + xT

i
!

Part 2 : yi |yi > 0 = ↵2 + xT

i
" + "i

, i = 1, . . . , n. (2)
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Literature Review

The sets of variables in the two model parts usually have a large
overlap and, quite often, are identical.

It is thus of interest to examine the proportionality structure of
covariate effects.

Research on the proportionality structure can be traced back to
Cragg(1971). Lamber(1992) discusses the proportionality
constraint for zero-inßated Poisson regression. Han and Kronmal
(2006) proposes a hypothesis testing-based approach. Liu (2013)
develops a forward stepwise hypothesis testing.

Model selection-based approaches have also been developed. Liu
and Chan (2011) develops a model selection criterion based on
the marginal likelihood. Liu et al. (2012) adopts a likelihood
cross-validation based method
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Literature Review

Analysis of proportionality structure can lead to important insights
into the underlying data generating mechanisms.

In addition, proportionality leads to a smaller number of unknown
parameters to be estimated and hence more efÞcient estimates Ð
this has been shown both theoretically and numerically.
Existing methods have limitations:

computational expensive;
type I error can be nontrivial;
unstable.
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Two-part model and proportionality structure

Following Liu et al. (2013), an anchor covariate is needed and,
without loss of generality, denoted as X1. Its coefÞcients in the two
model are nonzero. Denote ! 1 = "#1 with " != 0.

Rewrite part 2 of the model as
!

Part 1 : g($i ) = %1 + x T
i !

Part 2 : yi |yi > 0 = %2 + " (x T
i ! ) + ÷x T

i " + &i
, i = 1, . . . , n.

(3)
where ÷x T

i = ( xi2, á á á,xip) and " = ( ' 2, á á á, ' p).

If " = 0, then the two covariate effects are fully proportional .

If some components of " are zero, then the two covariate effects
are partially proportional .

Thus determining the proportionality structure means to
determining which components of " are zero.
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Two-part model and proportionality structure

The log-likelihood function is

l = �n1

2
ln�2 � n1

2
ln 2⇡ �

X

i

ln
h
1 + exp(↵1 + xT

i
�)

i
+

X

i:yi>0

↵1

+
X

i:yi>0

xT

i
� � 1

2�2

X

i:yi>0

(yi � ↵2 � ⌧xT

i
� � x̃T

i �)
2,

(4)

where n1 = #{ yi > 0} .
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Penalized estimation

Denote ! = ( " , ! , " 1, " 2, #2, #). Consider the penalized maximum
likelihood estimate (PMLE) which maximizes

Q(! ) = l(! ) ! P($, |#|), (5)

where P($, |#|) = n
p!

j= 2
P($, |%j |) is the penalty function and $ > 0

is the data-dependent tuning parameter.

One sensible choice for penalty is the MCP which takes the form

Pa($, v) =

"
$v ! v2

2a v < a$
1
2a$2 v " a$

, (6)

where a > 0.
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Algorithm

Outer loop : Based on ME2, determine the best anchor variable, and obtain
the estimate result simultaneously.

For each k in 1, á á á, p, denote Xk as the anchor variable, do the following
calculations.
Middle loop : Based on BIC criterion, select the best ! .

(a) Calculate the initial value ö"k0 = ( ö#k0, ö$k0, ö%k0, ö&k10, ö&k20, ö' 2
k0)

(b) Decreasing ! , for each ! , carrying out the following calculations
Inner loop : Coordinate descent algorithm, to obtain the penalized estimate

(a) Set s = 0, denoted ö!
(s)
+ j is parameter vector which equals to ö!

(s)
except

the jth component is set to " j .

(b) ö" (s+ 1)
j = argmax{ Q(! , ö!

(s)
+ j )}

! j

. Update s := s + 1

(c) Repeat step (a) and (b) until convergence
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Theoretical Properties

Let V i = ( x i , yi ) for i = 1, . . . , n, l(! ) be the log-likelihood function of
the observations V 1, . . . , V n, and Q(! ) be the penalized log-likelihood

function l(! ) ! n
p!

j= 2
p! (|! j |).

Theorem 1
Assume { V i : i = 1, . . . , n} are iid, each with density function f (V , ! ).
Assume that conditions (A)-(C) listed in Appendix are satisÞed. If
max{ p!!

! (|! j0|) : ! j0 "= 0} # 0, then there exists a local maximizer ö! of
Q(! ) such that ||ö! ! ! 0|| = Op(n" 1/ 2 + an).
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Theoretical Properties

Lemma 1
Assume that conditions (A)-(C) listed in Appendix are satisÞed and that
lim inf
n!"

lim inf
! ! 0+

p#
" (! )/ " > 0. If " ! " and

#
n" ! " , then with

probability tending to 1, for any given ! 1 satisfying
||! 1 $ ! 10|| = Op(n$ 1/ 2) and any constant C

Q{
!

! 1

0

"
} = max

||! 2||%Cn! 1/ 2
Q{

!
! 1

" 2

"
} .
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Theoretical Properties

Denote ! = diag{ 0, . . . , 0, p!!
! (|! 20|), . . . , p!!

! (|! (s+ 1),0|)} , and
b = ( 0, . . . , 0, p!

! n
(|! 20|)sgn(! 20), . . . , p!

! n
(|! (s+ 1),0|)sgn(" (s+ 1),0))T .

Theorem 2(Oracle property):
Assume conditions (A)-(C) listed in Appendix and that
lim inf
n"#

lim inf
" " 0+

p!
! (#)/ $ > 0. If $ ! 0 and

"
n$ ! # as n ! # , then with

probability tending to 1, the
"

n consistent estimate in Theorem 1 must
satisfy: (a) Sparsity: ö! 2 = 0. (b) Asymptotic normality:

"
n(I1(! 10) + ! ){ ö! 1 $ ! 10 + ( I1(! 10) + ! )$ 1b} ! N{ 0, I1(! 10)}

in distribution, where I1(! 10) = I1(! 10, 0), the Fisher information
knowing that ! 2 = 0.
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Discriminant Analysis

Here the approach is to model the distribution of X in each of
the classes separately, and then useBayes theoremto ßip things
around and obtain Pr(Y |X ).

When we use normal (Gaussian) distributions for each class,
this leads to linear or quadratic discriminant analysis.

However, this approach is quite general, and other distributions
can be used as well. We will focus on normal distributions.
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Why discriminant analysis?

¥ When the classes are well-separated, the parameter
estimates for the logistic regression model are surprisingly
unstable. Linear discriminant analysis does not su! er from
this problem. Why?

¥ If n is small and the distribution of the predictors X is
approximately normal in each of the classes, the linear
discriminant model is again more stable than the logistic
regression model.Why?

¥ Linear discriminant analysis is popular when we have
more than two response classes, because it also provides
low-dimensional views of the data.Why?



Bayes theorem for classiÞcation
Thomas Bayes was a famous mathematician whose name
represents a big subÞeld of statistical and probablistic modeling.
Here we focus on a simple result, known as Bayes theorem:

Pr(Y = k|X = x) =
Pr(X = x|Y = k) áPr(Y = k)

Pr(X = x)

One writes this slightly di " erently for discriminant analysis:

Pr(Y = k|X = x) =
#kf k(x)

( K
l=1 #l f l (x)

, where

¥ f k(x) = Pr( X = x|Y = k) is the density for X in classk.
Here we will use normal densities for these, separately in
each class.

¥ #k = Pr( Y = k) is the marginal or prior probability for
classk.
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Classify to the highest density

decision boundary

We classify a new point according to which density is highest.



Classify to the highest density

! 4 ! 2 0 2 4

! 1=.5,   ! 2=.5

! 4 ! 2 0 2 4

! 1=.3,   ! 2=.7

We classify a new point according to which density is highest.

When the priors are di" erent, we take them into account as
well, and compare#kf k(x). On the right, we favor the pink
class Ñ the decision boundary has shifted to the left.
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Linear Discriminant Analysis whenp = 1

The Gaussian density has the form

f k(x) =
1

#
2#$k

e
! 1

2

!
x ! µ k

" k

" 2

Here µk is the mean, and$2
k the variance (in classk). We will

assume that all the $k = $ are the same.

Plugging this into Bayes formula, we get a rather complex
expression forpk(x) = Pr( Y = k|X = x):

pk(x) =
#k

1%
2#$

e
! 1

2

!
x ! µ k

"

" 2

( K
l=1 #l

1%
2#$

e
! 1

2

!
x ! µ l

"

" 2

Happily, there are simpliÞcations and cancellations.
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Discriminant functions

To classify at the value X = x, we need to see which of the
pk(x) is largest. Taking logs, and discarding terms that do not
depend onk, we see that this is equivalent to assigningx to the
class with the largestdiscriminant score:

%k(x) = x á
µk

$2 "
µ2

k

2$2 + log( #k)

Note that %k(x) is a linear function of x.

If there are K = 2 classes and#1 = #2 = 0 .5, then one can see
that the decision boundaryis at

x =
µ1 + µ2

2
.

(See if you can show this)
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pk(x) is largest. Taking logs, and discarding terms that do not
depend onk, we see that this is equivalent to assigningx to the
class with the largestdiscriminant score:

HW: ! k(x) = x á
µk

" 2 !
µ2

k

2" 2 + log ( #k)

Note that ! k (x) is a linear function of x.
If there are K = 2 classes and#1 = #2 = 0 .5, then one can see
that the decision boundary(! k (x) = ! l (x)) is at

x =
µ1 + µ2

2

(See if you can show this)



x = µ1+ µ2
2

Dashed line is bayes decision

boundary. Solid line is LDA

decision boundary.

Example with µ1 = ! 1.5, µ2 = 1 .5, ! 1 = ! 2 = 0 .5, and " 2 = 1.



! 4 ! 2 0 2 4 ! 3 ! 2 ! 1 0 1 2 3 4

0
1

2
3

4
5

Example with µ1 = " 1.5, µ2 = 1 .5, #1 = #2 = 0 .5, and $2 = 1.

Typically we donÕt know these parameters; we just have the
training data. In that case we simply estimate the parameters
and plug them into the rule.
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Estimating the parameters

ö#k =
nk

n

öµk =
1

nk

)

i : yi = k

xi

ö$2 =
1

n " K

K)

k=1

)

i : yi = k

(xi " öµk)2

=
K)

k=1

nk " 1
n " K

áö$2
k

where ö$2
k = 1

nk ! 1

(
i : yi = k (xi " öµk)2 is the usual formula for the

estimated variance in thekth class.
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LDA

¥ The LDA classiÞer plugs the estimates given in (4.15) and
(4.16) into (4.13), and assigns an observationX = x to the
class for which

ö! k(x) = x
öµk

ö" 2 !
öµ2

k

2ö" 2 + log (ö#k)

is largest. The word linear in the classiÞers name stems
from the fact that the discriminant functions ö! k(x) in
(4.17) are linear functions ofx (as opposed to a more
complex function of x).

张晓晨�




Linear Discriminant Analysis whenp > 1

Two predictors uncorrelated correlation of 0.7

Density: f (x) = 1
(2! )p/ 2 |! |1/ 2 e! 1

2 (x! µ)T ! ! 1 (x! µ)



Linear Discriminant Analysis whenp > 1

x ! N (µ, ! )

Density: f (x) = 1
(2! )p/ 2 |! |1/ 2 e! 1

2 (x! µ)T ! ! 1 (x! µ)

HW:Discriminant function: ! k (x) = xT ! ! 1µk " 1
2 µT

k ! ! 1µk + log " k



Linear Discriminant Analysis whenp > 1

x1x1

x 2x 2

Density: f (x) =
1

(2#)p/ 2|! |1/ 2
e! 1

2 (x! µ)T ! ! 1 (x! µ)

Discriminant function: %k(x) = xT ! ! 1µk "
1
2

µT
k ! ! 1µk + log #k

Despite its complex form,
%k(x) = ck0 + ck1x1 + ck2x2 + . . . + ckpxp Ñ a linear function.
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Linear Discriminant Analysis whenp > 1

¥ In practice we do not know the parameters of the Gaussian
distributions, and will need to estimate them using our
training data

¥ ö! k = Nk/N, where Nk is the number of class-k observations;
¥ öµk =

!
gi = k xi /N k;

¥ ö! =
! K

k=1
!

gi = k (xi ! öµk) (xi ! öµk)T / (N ! K ).



Illustration: p = 2 and K = 3 classes

! 4 ! 2 0 2 4

!
4

!
2

0
2

4

! 4 ! 2 0 2 4

!
4

!
2

0
2

4

X 1X 1
X

2

X
2

Here #1 = #2 = #3 = 1 / 3.
The dashed lines are known as theBayes decision boundaries.
Were they known, they would yield the fewest misclassiÞcation
errors, among all possible classiÞers.
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FisherÕs Iris Data

4 variables
3 species
50 samples/class

¥ Setosa
¥ Versicolor
¥ Virginica

LDA classiÞes all
but 3 of the 150
training samples
correctly.
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FisherÕs Discriminant Plot
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When there areK classes, linear discriminant analysis can be
viewed exactly in a K " 1 dimensional plot.
Why?

Because it essentially classiÞes to the closest centroid,
and they span aK " 1 dimensional plane.
Even when K > 3, we can Þnd the ÒbestÓ 2-dimensional plane
for vizualizing the discriminant rule.
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FisherÕs Discriminant Plot
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FisherÕs Discriminant Plot
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From ! k(x) to probabilities

Once we have estimatesö%k(x), we can turn these into estimates
for class probabilities:

#Pr(Y = k|X = x) =
eö%k (x)

( K
l=1 eö%l (x)

.

So classifying to the largestö%k(x) amounts to classifying to the
class for which#Pr(Y = k|X = x) is largest.

When K = 2, we classify to class 2 if#Pr(Y = 2 |X = x) $ 0.5,
else to class 1.
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Other forms of Discriminant Analysis

Pr(Y = k|X = x) =
#kf k(x)

( K
l=1 #l f l (x)

When f k(x) are Gaussian densities, with the same covariance
matrix ! in each class, this leads to linear discriminant analysis.
By altering the forms for f k (x), we get di" erent classiÞers.

¥ With Gaussians but di" erent ! k in each class, we get
quadratic discriminant analysis.

¥ With f k(x) =
* p

j =1 f jk (xj ) (conditional independence
model) in each class we getnaive Bayes. For Gaussian this
means the! k are diagonal.

¥ Many other forms, by proposing speciÞc density models for
f k (x), including nonparametric approaches.
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Other forms of Discriminant Analysis

Pr(Y = k|X = x) =
! k f k (x)

! K
l=1 ! l f l (x)

When f k(x) are Gaussian densities, with the same covariance
matrix ! in each class, this leads to linear discriminant analysis.
By altering the forms for f k (x), we get di! erent classiÞers.

QDA

High
dimension

¥ With Gaussians but di! erent ! in each class, we get
quadratic discriminant analysis.

¥ With f k(x) =
" p

j =1 f jk (xj ) (conditional independence
model) in each class we getnaive Bayes. For Gaussian this
means the! k are diagonal.

¥ Many other forms, by proposing speciÞc density models for
f k (x), including nonparametric approaches.



Quadratic Discriminant Analysis

Purple: Bayes decision boundary; black: LDA; green: QDA.
x ! N (µk , ! k )

! k (x) = !
1
2

(x ! µk)T ! " 1
k (x ! µk) + log " k

Because the! k are di! erent, the quadratic terms matter.



Naive Bayes

Assumes features are independent in each class.
Useful whenp is large, and so multivariate methods like QDA
and even LDA break down.

¥ Gaussian naive Bayes assumes each! k is diagonal:

%k(x) % log

+

, #k

p"

j =1

f kj (xj )

-

. = "
1
2

p)

j =1

(xj " µkj )2

$2
kj

+ log #k

¥ can use formixed feature vectors (qualitative and
quantitative). If X j is qualitative, replace f kj (xj ) with
probability mass function (histogram) over discrete
categories.

Despite strong assumptions, naive Bayes often produces good
classiÞcation results.
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LDA on Credit Data

Confusion matrix :

True Default Status
No Yes Total

Predicted No 9644 252 9896
Default Status Yes 23 81 104

Total 9667 333 10000

(23 + 252)/ 10000 errors! a 2.75% misclassiÞcation rate!
Some caveats:

¥ This is training error, and we may be overÞtting.



LDA on Credit Data
True Default Status

No Yes Total
Predicted No 9644 252 9896

Default Status Yes 23 81 104
Total 9667 333 10000

(23 + 252)/ 10000 errors Ñ a 2.75% misclassiÞcation rate!

Some caveats:

¥ This is training error, and we may be overÞtting.Not a big
concern here sincen = 10000 and p = 4!

¥ If we classiÞed to the prior Ñ always to classNoin this
case Ñ we would make 333/ 10000 errors, or only 3.33%.

¥ Of the true NoÕs, we make 23/ 9667 = 0.2% errors; of the
true YesÕs, we make 252/ 333 = 75.7% errors!
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LDA on Credit Data
Unbalance data

True Default Status
No Yes Total

Predicted No 9644 252 9896
Default Status Yes 23 81 104

Total 9667 333 10000

(23 + 252)/ 10000 errors! a 2.75% misclassiÞcation rate!
Some caveats:

¥ This is training error, and we may be overÞtting.
¥ If we classiÞed to the prior! always to classNo in this

case! we would make 333/ 10000 errors, or only 3.33%.
¥ Of the true NoÕs, we make 23/ 9667 = 0.2% errors; of the

true YesÕs, we make 252/ 333 = 75.7% errors!
¥ Sensitivity: TP/(TP+FN)=24.3%
¥ SpeciÞcity: TN/(TN+FP)=99.8%



LDA

Predicted Class
- or Null + or Non-null Total

True - or Null True Neg.(TN) False Pos.(FP) N
Class + or Non-null False Neg.(FN) True Pos.(TP) P

Total N! P!

TABLE 4.6. Possible results when applying a classiÞer or diagnostic test to a
population.

Name DeÞnition Synonyms
False Pos. Rate FP/N Type I Error, 1-SpeciÞcity
True Pos. Rate TP/P 1-Type II Error, Power, Sensitivity, Recall
Pos. Pred. Value TP/P ! Precision, 1-False Discovery Proportion
Neg. Pred. Value TN/N !

TABLE 4.7. Important measures for classiÞcation and diagnostic testing,
derived from quantities in Table 4.6.



Types of errors

False positive rate: The fraction of negative examples that are
classiÞed as positive Ñ 0.2% in example.

False negative rate: The fraction of positive examples that are
classiÞed as negative Ñ 75.7% in example.

We produced this table by classifying to classYes if

#Pr(Default = Yes|Balance, Student ) $ 0.5

We can change the two error rates by changing the threshold
from 0.5 to some other value in [0, 1]:

#Pr(Default = Yes|Balance, Student ) $ threshold,

and vary threshold.
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LDA

True Default Status
No Yes Total

Predicted No 9432 138 9570
Default Status Yes 235 195 430

Total 9667 333 10000

TABLE 4.5. A confusion matrix compares the LDA predictions to the true
default statuses for the 10, 000 training observations in the Default data set,
using a modiÞed threshold value that predicts default for any individuals whose
posterior default probability exceeds 20%.



Varying the threshold

0.0 0.1 0.2 0.3 0.4 0.5

0.
0

0.
2

0.
4

0.
6

Threshold

E
rr

or
 R

at
e

Overall Error
False Positive
False Negative

In order to reduce the false negative rate, we may want to
reduce the threshold to 0.1 or less.
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ROC curve

fp rate = F P
N tp rate = T P

P

precision = T P
T P + F P recall = T P

P

accuracy = T P + T N
P + N

F-measure = 2
1/ precision +1 / recall



ROC

Inst# Class Score Inst# Class Score
1 p .9 11 p .4
2 p .8 12 n .39
3 n .7 13 p .38
4 p .6 14 n .37
5 p .55 15 n .36
6 p .54 16 n .35
7 n .53 17 p .34
8 n .52 18 n .33
9 p .51 19 p .30

10 p .505 20 n .1



ROC curve



ROC Curve

False positive rate
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The ROC plot displays both simultaneously.

Sometimes we use theAUC or area under the curveto
summarize the overall performance. HigherAUC is good.
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ROC Curve
ROC: receiver operating characteristics
True positive rate: sensitivity
False positive rate: 1! speciÞcity

The ROC plot displays both simultaneously.
Sometimes we use theAUC or area under the curveto

summarize the overall performance. HigherAUC is good.



Example continued: Heart Test Data

False positive rate
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Support Vector Classifier
SVM: !=10" 3

SVM: !=10" 2

SVM: !=10" 1
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Logistic Regression versus LDA
For a two-class problem, one can show that for LDA

log
/

p1(x)
1 " p1(x)

0
= log

/
p1(x)
p2(x)

0
= c0 + c1x1 + . . . + cpxp

So it has the same form as logistic regression.

The di" erence is in how the parameters are estimated.

¥ Logistic regression uses the conditional likelihood based on
Pr(Y |X ) (known as discriminative learning).

¥ LDA uses the full likelihood based on Pr(X, Y ) (known as
generative learning).

¥ Despite these di" erences, in practice the results are often
very similar.

Footnote: logistic regression can also Þt quadratic boundaries
like QDA, by explicitly including quadratic terms in the model.
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Summary

¥ Logistic regression is very popular for classiÞcation,
especially whenK = 2.

¥ LDA is useful when n is small, or the classes are well
separated, and Gaussian assumptions are reasonable. Also
when K > 2.

¥ Naive Bayes is useful whenp is very large.
¥ See Section 4.5 for some comparisons of logistic regression,

LDA and KNN.
¥ How to do variable selection for LDA

Reference: Clemmensen Hastie Witten. Sparse discriminant analysis
Witten Tibshirani. Penalized classiÞcation using FisherÕs linear

discriminant. JRSSB, 2011

Zou and Yuan. A direct approach to sparse discriminant analysis

in ultra-high dimension. Biometrika,2012

Quiz: Exercise 6, 12, simulation



Comparision of classiÞcation methods

¥ p = 2,replicates= 100
¥ Scenario 1: There were 50 training observations in each of

two classes. The observations within each class were
uncorrelated random normal variables with a di!erent
mean in each class.

¥ Scenario 2: Details are as in Scenario 1, except that within
each class, the two predictors had a correlation of 0.5.

¥ Scenario 3: We generatedX 1 and X 2 from the t(3), with
50 observations per class. The setup violated the
assumptions of LDA, since the observations were not drawn
from a normal distribution.
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Comparision of classiÞcation methods

¥ Scenario 4: The data were generated from a normal
distribution, with a correlation of 0.5 between the
predictors in the Þrst class, and correlation of! 0.5
between the predictors in the second class.

¥ Scenario 5: Within each class, the observations were
generated from a normal distribution with uncorrelated
predictors. However, the responses were sampled from the
logistic function using X 2

1, X 2
2, and X 1 " X 2 as predictors.

Consequently, there is a quadratic decision boundary.
¥ Scenario 6: Details are as in the previous scenario, but the

responses were sampled from a more complicated non-linear
function. As a result, even the quadratic decision
boundaries of QDA could not adequately model the data.
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