= BT (cluster analysis) 2T %> (unsupervised
learning) HH—REE Y, HSHE¥> (supervised
learning) A, WTELZHARRE, RO DA
PIFFIEAE BT H

« BRI PEERIER TR, BRT R E R
— NIRRT AR TR BT —
chﬁ“%ﬁ (ChlSteI') E&:%‘ uj@no

= RRDATHA BRI R I 2K, ZREK
KRB G20 73 BRI 2 — F5)
HARFBRZES], B PR, ALAED
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What is similarity?

The quality or state of being similar; likeness; resemblance; as, a similarity of features.
Webster's Dictionary

Similarity is hard
to define, but...
“We know it when
we see it”

The real meaning
of similarity is a
philosophical
question. We will
take a more

| pragmatic




What is a natural grouping among these objects?




What is a natural grouping among these objects?

Clustering is subjective

1

Simpson's Family

School Employees Females




KoM

Yoo

B 12-1 FUEES] 20 PR E MY EERE, B3 20 SR ILIMER 4
AR AR, SR, TR EMAA), Wk 12-1 FR. BEFRENX
20 MHRHFATIRZS, AMIMERFEAS R ZE 50 LA B RFAE
F 12-1 20 Pyt R B
i ME SWE BR/E KK

Budweiser 144 15 4.7 0.43
Schlitz 151 19 4.9 0.43
Lowenbrau 157 15 0.9 0.48
Schlitz 170 7 5.2 0.73

Schlitz 152 11 5.0 0.77




= BB n AINEEAS, BEEARATARINE] p A2, W
FEASLA VAR X H7Rh

Tl T2 o Tip

Tol Tz o Ty
X = [&ijlnxp =

Inl Tp2 - Tnp

= Hi HREREE  ATERRES o DEEA, i=1,2,...,n; HEFE
(5§ ONFIRES § AVER, 1=1,2,...,p; MFILE vy F£
INER L NREARTESS 5 A E BRI .



FR M
= ARERE IR A 12-1 B R A 2R BRSO E TN 4

K-meansB8 3

EFH0R%E K-medoidsZEE

BETRREBE
EBE-SS

EHTHEit

12-1 BRI R R R AR S5 R A



BT RIHRZE
HTF X4 (Partioning-based) WIBEI Tk

L OAHREARBEHL LS I, (R ikt
TR P B AR
- WARMAEE B AER
© BEALART H AR
2. FEFGARAT L LB, TR 4.
3 TSLYE 1R 2 EAL

Z52M (dissimilarity)

T, REFeE L MRz m2ER0 (HE)
HFEbR, WERMEAR Z [ ZERER0N, W m T —2E, &
Z B TR RIS . R RPRFAR R AR S AU AN [ 45 A Y
B2t (CBRET) Y.
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EGRTE (continuous variables)
/7\ X; = (337,1’ .. Izp) %n X5 = (lea .. x]P)T ﬁﬁ'ﬁ%ﬂ“ﬁézﬁ l

g, Hﬁi‘*ﬂ’]iﬁ‘ﬁ?%ﬁm@?‘i SEPDRIIE. 2 dij &
AETNZESE (FE), IBATTRHAT LA “EE%” papUA
IFEAS Z TR AR 7 B o

« B R EE T (Minkowski distance)

p 1/q
dij = (Z |k — xjk’q>
k=1

W25 R S B AR [ BE B, MRl g HOASIRIERUE T DA 1 0T B g
(g =1, Absolute distance). FXRIEE (¢ = 2, Euclidean distance) il
YIS REE (¢= 007 Chebyshev distance) . KGR B H W ES
Bl L. —RERAH R BN RXT “FEE” mirrysgm,

Eﬁ‘*/l\ﬁraﬁr‘jiﬂﬁ‘ﬁﬁiT R, RIEE 10 ER R 2

AN HAT; Ak, BREEE AR ) s S i K.
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s (Mahalanobis distance)

B 1/2
dij = |(xi —x;) 27 (xi — Xj)]

Forp, X R XX RIR PN ZE R . PG B SOPR A ) SRR R

B B LR B 32N FITE T E 5 I8 TN AL B TR A k.

RAAS R Z FIME ST, BV B by 22 B X A AR, G I

EEFL%?JEL%%JH]J%/‘XMW AR AR E 22 A (BRSO R IS R PR
WL Ak ] 4 e AN P2 A R e A A ST

ﬁ@ﬁAﬁTE1ﬁ% PEAS IS, SR AL
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« £IZPEEY (Cosine distance)

dij = (éxlkxjk)/<kzlxzk Z%k) 1/2

%EZEE%%J% ) 52 ] P[] B2 A ) SR 4 SR SR AR R 9 2
o [ ERR YRS A A T M B, MR 1) B 7 1 2
W F B 0. B B scbr 2 x; fil x; BYICAIMARGZAE, Bl TE
WRANATT ) 25, PR ANURE, BT AT DA p Bl QAN )4
PRIB]AFTE Y BE S AR AN — 1Y e
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FAR I Hy R

BRFETE (ordinal variables)

By A s B A A T R R B Rz 4, IRz r
it (AB,CDF), REMHEE (FEFAWE, BANHE,
—%, BOMWE, IEEEE) . BRUO-DMEFEER M A%
9, NEEFRHER 1, M LR, o T Mk

. (T —1/2)
Lig = M
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KRBT E (categorical variables)

el s e [t N 37| A S = 37 o |51 b NS o =1
25y, Pl E BT e I . B, g, g
M, BB UAER— 0. A B A0 5 i A ) 26531
AIDAHFEE, FHS B0 — B BIOR, X SRR T8 i
B, HEAREAEMERE T . ST TRA x; f1 x5, BATZ W
FRACIE R DA F] a7 BRL UCFC YA R AR, B

Hodr, m ZICECECH , R x A1 x; BUEAR T %
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K-means B2

-Km%M%, %ﬁ?%%*%&*?%@%%ﬁzé
i yS 1A R R, IF HOR I RRIR

ﬁ%%?ﬁ@ﬁﬁ$@%ﬁ%

= K-means RERMEABILZ, —MFAIRIGIRMWIZKEL
NANBIREA R ZE /D, A FRALZ AR I
K, EPIRZEF 0 A N B AL A PRk 2 e, T2
PN BE B 5 AL IR B B 2 R SRS, A e/ MU N B RS 2 A
T RACALIAI RS, R IRRF4S AL BRI 7E S
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BT R

ZHV\]EEE:,T (within-cluster sum of squares; WCSS)

FEUEA p B RIGREAR, n RS X, 56
fﬁ%’@ﬁﬂ 8K, AR T2, 8 kA
HA A REA TEE U O C {1,...,n}, H

Uiilck ={1,...,n}, & C={Cy,...,Cx} MANIEEE

WCSS(C j{: > j{:dwl (12.1)
zyECk =1
o b ong 2k RPIREARANEL, dijy R x B x; 7R
AL ERRGIE . BER/MEER (12.1) 28k FIE
B’J Roh 3t K™ MR TTE, BRI 554 R 30 ) 2
71, IR R K-means SRR diing Bk
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- RT (12.1) AAEE Y
K

WCSS(C) =D D IIxi — %ll3 (12.2)

k=11ieCy

o HF, X = Tk, Tryp) s H Ty FORE k BHAGREA
TR A BRI, BT (12.2) BWER n A
FEADBCE] K AP AR S 8% 25 b i T e
Bihe HTAT (12.2), —NRMEPEAT AL AE
T SRR TR 3G e A g

K
min YN [x; — el f3 (12.3)

Clmdier k2 ieoy,



TRy e

= oMb (12.3) FTRAEI AC R AL C F0 {0, 18], 4
SERRLEN C B, BBl w, BIERE & 0E B
I .

~ FELEIRRLEN C I, BT e ARG kR
T

s FELEEA B TR, BB A A
S B HAI I PO BRI

Bk 12.1 K -means BRE
1 HERRK , HREA BB BL— 1B K B8, X SR MR X S g 9]

[GESS
2. WHELTLE, TIRNSReEm NI
D GRVH K AR 0. 8k ADREOE D ORZEDIE p AR SN
i
2) WG G &AL OORIMER, K E IR S HE B N2

12-2  K-means ZE ¥
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=SB UPUE BN
Bl 12-2 40T 5 AU

0
X=]1
2

S =N
— N W
W =
ot W ot

]T

& K-means RIFVIFZHEAL 2R 2 2.

DR RS 121, R Fis

( ) m%\aajz 2%, Hp 0V = (1,2, ¢V = {3 4,5};

(2) fr;%; C Vgpeatn pl? = (1,1,1)7, ) pkA L
Hud) = (4,3,3)7;



figt:

FAR I Hy R

(3) IR 5 AR S B P R B

St x1=(0,1,2)7, dixy,pl”) =2, d(xi, pl”) =21, ¥ x
A%

St xo = (2,1,0)7, d(xo, p1\”) =2, d(xo, pi) =17, ¥ x,
3% o

Xt x3 = (3,2,1)T, d(xs, ") =5, d(xs, ) =6, ¥ x3
A% 0,

St x = (4,4,3)7, d(xa, i) =22, d(xq, pV) =1, ¥ x4
s ol

St x1 = (5,3,5)7, d(xs, p\”) =36, d(xs,p\”) =5, ¥ x5
A3 o5



TR
fite
(4) iﬁfﬂ%‘ﬁﬂﬁ%’s oV =q1,2,3}, iV = (4,5}, FEHHILT
iV = (573,473,107, pl = (45,35,4)T
(5) HAEALHE (3) Ml (4). I x1,%2,%3 ia%\ilJ%’é o, ¥ x4, x5

fsrzk oY, MmER % o = {1,2,3),
c? = (4,5},
(6) HFHHAFA E— IR A5, IR E T, A%

RERN
CT ={1,2,3},C5 = {4,5}



Example

Data Step 1 Iteration 1, Step 2a
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ET R ERER

& 12-3

(e) &R 3
B 12-1 (R FR R
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K-means BRI S
K-means IS T HFHLF R E, S TR, Hip iz
J; E?;&F‘Tﬁﬁﬁ JeH R Rz, ER A MR
B .
 HSE, W R K, REER) K ARG
I RARLE R ;
= HK, K-means FYARBIWMEA SRR, 2R
e, PSR REEHRATHIR IR v Lo i i B Bl
» 9=, K-means SR 2 RGEE B AHEA Z K “FE
B R, KRS 23 B AT
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Example: different starting values

3209 2358 235.8
. -
o = 2Ky
o . ...- .. ® o o ® ..
. "o .. o ®eo . « %o i
Can S I C e S
'l:q.-':' 'l‘;q-o.-' .,':‘,.:-
.n o .?' .:q ° .".‘l ., o "".‘l
S gl goe S olme goe S oo ooe
cG . Je . Ju .
235.8 2358 3109
o M o
;. :.0:';‘ 4 .;.:.0:0:’ 4 .;. .é:o;f;f
] ..... .. . :.... .. LN Y ... ..
N VA C At . * et .
DT o en % K
'n‘,'s-':' ':','1-':' ':}'s-':‘
AN i £ A £
S olpee ooe S e goe & olme oo0
° %9 o . ':. . . '} .
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K-medoids B33 VS K-means B2

= —JyTh, K-medoids I VAGEIAERE XA “Higg” (R
PRI T RGAHTES ), o T 0 KA &, AT AR AR
L B AR AT IR 2 5

* K-means JREM O pie BUZ BT P Ir A FEA 9 (H
i K-medoids SEIERqAE— o i A BB R i A% i
SAFERE R, PRI 55 1 B R R A2
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BT ry5RE2E
K-medoids B23&

© FEMETRZERIKI D O, FHRI O R R/ MR Y
ERINEE

iECk !
JECK

= Hip, dy FoREEEEERETINEAR « FIFEA § iFEE,
H (12.4) AIPAFE Y, s k 2 g il A fe 4k 2
5k REHt . FICT EETESE B RIS, X
T OB AT RO AR, IR AREM O(ny) $2
TF3] O(n2).,

= FEAELHITLZIGE, HTR R EINEE A S M
FHISEANE &

= Hor, C(0) FoRkEAs @ FrlErgsl.
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EF R mERR

HY¥E12.2 K -medoids BREE

. OBERMK, Non AR TTREHLEE K AMFERLE 0 T, HEFEIRE - K AN
FA L EIEERS, IR AR ST I 0 s R

EHEUNPR, BEERMODECEHRLE:

D RS K AR ST AN BR PO UM R RO Ix L

FEA L L, 3 AT BT AR R L (12.4) REvE, E#H (12.4) R
ZINE K R ) 1A 9 B 2SR SE B T
2) AN S KL IIEE S, R B FUE S R A RN T

B 12-5 K-medoids ZE:
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K-modes B23&

o BRI PSRRIV S K B AS B 2 T R A
BRI DCR B B, RO SO AR, AT
K-modes T

-Kmm%%%maﬁ@ﬁ502$%u,AEE%VEM
I B R oAy T L DC I B s . AT DAGIERH, ST
L, R IS ﬂ*ﬁmﬁ%*b%ﬁ%%%%iﬁ
5 EARREN: A R4, AR L i
S A B SR I A AR BB
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H¥%12.3 K -modes BREE

L OEERMK, BN K AL

. EHLTPER, HEENRTEMRAL:

2) XNFEMER, RUGIETS KA ORI, $HIE S RS R/
et

3) SPAIEE K AREZEG . TR kA, WPz A2 e R LR MR AL
ey B 1) T I 0

12-6 K-modes ZRHE



Choosing K

® Choosing K is a nagging problem in cluster analysis.

Sometimes, the problem determines K. For example,
clustering customers for K group in a business.

Usually, we seek the natural clustering, but what does this
mean?

Plot the objective function VS K. Elbow finding.

2o

Objective




BT RIRERSR

BiRE%E
JEUCGREE, 2 R I R B B R I T 2 HES Y, TR
PRI JZ IR GG, A g Y R 2R A Rk A
= RSO T T RIS R =FEAE (K-means, K-medoids
1 K-modes) , X HRHRIELIR BT S S E R 5
AN K AR B0 43
« S, BREFRAFXLEYHBE, REEHETMW
& AL AR A B FSO0H B B R %WWZEME%VEﬁT
M0 SR SR IEE R o
= RRRISOT I ARG (agglomerative) JRUCEIEA )
A (divisive) JRYCREAPIFNI . X HLAO R ATZ UK
RIATN 4
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HTEIRIIHRE

RAMEREX

o RATEICRER IR FE RN, TFARHEA
MBREAAS EL 2%, BBRKAITY, 26N R S
MR AF BRI, BOREE LT RU S
T AR, RIS EOR DA, B TR
BEATREA 2.

o L, YR R AR AR
By , WEAER GRS AL AT A,
P P MR B A S K B AT T X



HTEIRIIHRE

RONERER

¢ EUCHH R T SUROR VLR, Hofohy
IR SN S e Ay

+ BORAPTZMAO LI n 583K n SRIFEA (B 5
%), AR () SR TR, X
AFHRREDANL, TMERBRTAR (7 154
B (A9F) — M (R0 Hi).

+ BUEIE (dendrogram) H{% T X RS A T RER AURELE
TS, AERTO (1 54 2 — 2 5.



BT RIRERSR

- ERRERIET, LT AR, RO R B
FARLELE 2, BHRRIT, RAR k.

« T X R IR E PR, BT AT EOREI
) AFBLEE AR MR 7 e B LI A A R ARLRE | FESX R, [RIARR
BT REEREIIAR A O, I BT AR 4k
& I e ORI “BEEg” HE.



HTEIRIIHRE

#1222 5T 4 M HERIER, 2hle: BRaEEaE
(singlelinkage ). 5245817 (complete linkage) . Pk
¥ (average linkage) DA HUUMEE8:7 (centroid linkage) .

PEBT R £
B THEE A ZERI B 252 B AT SRR A (8] O RE S, i IErh R e
B A T S IR (I BE 5
SEAEEEE | THE A SR B 22 A HTE IR AR R, Fidat K K iR
PR AT AR 5
FIEEBEE | U A A B ZEZ BT A IR ) IR, i X SR B
YA ARy P 2 T B 5 5

ROEEERE | TFST A 81 B 28I b, R ST b ) BE B 4 g 25 ) 1 BE S

12-7 4 Fh A BER T X



HTRRIIRE
BARNRRELN TERE
- QEREAZ R RIS, A 20
BERIRUING 2 KB AT AR, HERAEN 1 2%,
Hik 12,4 BREREE (REED

Lo AR A —2, A5 E 0 DHIIRZE.

2. W WA, JE'J%[Z]:n(n*1)/2XH‘WJPTJXDWW‘¥2!SZI‘HE"JEE.%O

3 MWK=nn-1, ,2, BELUFSEEEIARMEE T —DHREHFH LN E LK
-
D EKAST, B PEE R GETIRBERD, KB RN CRIRARL
1) MWL SR, TR
2) WHRTM K —LASB AP RERA A A B -

B 12-8 ROMEURRIHE



Hierarchical Clustering: the idea
Builds a hierarchy in a “bottom-up” fashion...
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Hierarchical Clustering: the idea
Builds a hierarchy in a “bottom-up” fashion...




Hierarchical Clustering: the idea
Builds a hierarchy in a “bottom-up” fashion...

o
¥



Hierarchical Clustering Algorithm
The approach in words:
Start with each point in its own cluster.

Identify the closest two clusters and merge them.

Repeat.

Ends when all points are in a single cluster.

Dendrogram




Hierarchical Clustering Algorithm
The approach in words:
Start with each point in its own cluster.

Identify the closest two clusters and merge them.

Repeat.

Ends when all points are in a single cluster.

Dendrogram
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HETERPERE
Bl 12-3 766 12-2 fUEE T, AR IR B R R K B B 77
IR R AR, T AR IR B R A
T o

fift: FTH) 12-2 B9AERE X, THEREARR A AR D

0 8 11 26 387"

8 0 3 22 38
D=|11 3 0 9 21
26 229 0 6
38 38 21 6 O

(1) ETF 5 MEARME b MG, Hh ¢ = {i},i=1,...,5,
T REHEEA NS 1 AREAS, PR ) i B 55 T R AR ()
BEE

(2) MRIEHEE D, dog = dso = 3 F/)N, HILR: Co #1 Cs M
—NHE Cs = {2,3};



FAR I Hy R
figt:

(3) A HITHE Cs F1 C1, Cy, Cs [AIABEES:
= T doy =8,d31 =11, I de1 = 8;
» BT doy =22,d3s =9, HIL des = 9;
= T das = 38,d3s = 21, I des = 21;
= HARPZERIMEEE AN dia = 26,d15 = 38,ds5 = 6

(4) BT das = 6 F/hy, IR Cu, Cs &I A—AH2E

(5) 435 Ce, Cr F1 Cy [BIHIEEES:
» T dos = 22,dys = 38,d34 = 9,d35 = 21, M der = 9;
= T doy =8,d31 =11, I de1 = 8;
= T dy =26,d51 =38, I dr = 26;



BT R
figt:

(6) BT de1 = 8w/, BHILRF Cs #1 C1 I N—DFE
Cs ={1,2,3};

FEARIT R 128, KA L.

K

CZ Q C4 CS

B 12-9  fi 12-3 MERARZRBELRRRE



Hierachical Clustering

Average Linkage Complete Linkage Single Linkage

FIGURE . Average, complete, and single linkage applied to exampl.

data Avem e and complet lmka tend to yield more balanced lus ters.



Choice of Dissimilarity Measure

e So far have used Euclidean distance.

e An alternative is correlation-based distance which considers
two observations to be similar if their features are highly
correlated.

e This is an unusual use of correlation, which is normally
computed between variables; here it is computed between
the observation profiles for each pair of observations.

20
I

Observation 1
= Observation 2
= Observation 3

XA

Variable Index

46 / 5
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Socks

Scaling of the variables matters

~

_ [l

Computers

BN

0.4 0.6 0.8 1.0 1.2

0.2

0.0

Y AN

Socks Computers

1500

1000

Socks

Computers
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HTEIRIIHRE

BEFERBEMEFIHBENZE

= PIE AT FERE DARE B et SR A E AR AT B

= HF R H R ETE L RE AR E BB R, AR
BB E M T IR R, TR R R IE T B A — R
MR ELE R ;

 EIREBREABARGH AT RN, T e ST
AR R R, FICYEEAR R n BRREAZ
BaEH; mET RO EREESY, K-means Al K-modes
N2 HA RS TTIERE, B EAE 2 -T2t
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BT RA R

EFRBMERL

= TR B BN T R I RIS 1 DA 8 P B Ao
fi -

© AN A AT RS WE DA R A Ay
R AR . IR Rl i B A A,
BT B fiidT 4n s OBt R UL B OBz, AT
IR R SR, WEITTA 2 25 1S 28 B R A

© HAPETHRARRE 2RI L, R AT RG]
0K AL - R~ 1| e S LA S DL AL S N e Y
N RETMRGIIIBRRIE
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BT RAR R

ETHERGITRIERRER

BT R G AR R R — R ABRL S AR I A — A R IR A AR
(finite mixture model ), %A FRIBEHAL (SAN) H& R
By (o) RETR, B MREA I P — 2511
ﬁzliéj\ﬁ?%ﬁ, A AL A (R AH S BRI T 3 1 AT B L

it (Bl EA 2258 ) , I BRI A ) T JE g i<
ﬁ%ﬁé’](wmﬁiﬁxﬁ“ OBl
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HT AR R
HIRE SHEE

* BHEANEH 0 MR {x0, ., x0 ) € R EERSE, HIY
FE XA K28, RO SV IR A 2 AL 1] &
x € RP fSrse Bl I BARBREA ISR HIARAE
{21, 2} € R ZRENVR S 2 € {1,..., K} RS SCBUE,
HBAFATATAR {(xi, 2i) Yoy SRFORIXA SRR LA SR . iX
LEVINPR:1 6 Spkics VeI TE S s S Cilin g s VR B b
AR TR N B AR A S AR o

= R x BB B AN g(x) ARFoR, WA BRI AT -

K K
g(x) = Zwkfk(x) s.t. Zwk =1 (12.6)
k=1 k=1

o H, me FOREEATRE B AT SR B, fi(x)
PR b AT AT SRR P R



BT RAR R

BIREARE

=S e 4 8 N O A B = S |0 D AW AY AV
DAFEAI SR, L (12.6) AT S A H 3

K
g(x) =Y mif(x;60) (12.7)
k=1

= Mo 0, RS kAT oS . e
itk x = {a1,..., 20}, WPAGMIXMRABRTE A
PREL:

n K
U8 %) = Y log (Y mif (xi56) ) (12.8)
=1 k=1
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BT RAR R

ARE SRR
o T HEARZERIRZE AT, XTI ASEREMXTEUA s R

(0;%,2) ZZsz log (ﬂ'kf XZ,Ok)> (12.9)

i=1 k=1

o Ho USRS MEARE TR kB RN 2 =1, RZI 0.



HT AR R
EM sk

= EM 8yod H Rl RIB MR AL —. B
I A EAOR S KA TE BE B AR (19 A% I B AR AT B e &
GER, SEEREIR N S B ST

E[(.(0;x,2)|0%] = Zthk log <7rkf xl,Ok)) (12.10)

k=1 1i=1

i
il

H, ty, = Elz = k|x;, 0], 0° RAEMIRGSEES.
o SEIT A EARIIEE 00, EM EERCEIIT E AR M 2,
(1) E 4 SF5eat SR ek & s, BB 1250

ety 019 TR Blle(0;x,2)|0)]
(2) M 2&: kAl E[(.(0;%,2)|0@], ]

glatt) = max E[(.(0;%,2)|6'7] (12.11)
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BT RAR R

EM Bk
- S E IR 0, EM BESTEIT E SH M 4,

(1) E #: ﬁ HEIXTEUIR R BOR S 1, BIEBNA (28K
H£5 019 TRiG E[l.(0;%,2)|09)]
(2) M #: fKik E[.(6;x,2)|0@], Rl

oty — max E[(.(0;x,2)|0D] (12.11)

« AEWI IR T, EEEIRA #ﬁﬂﬁ& —JBEkAT]
RIS A (009D x) —0(0W;x)| < e, KM € 2
— MR/ FIEEE E R IERL

= EM BAR— MU RS, ZEIR] DAGRIE (DR s R B
YA RRE SRS L, PR AT DAGIE B 53 AT AN S 3 )
R
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BT HRARE
BT SRR

AR A BT TR AR T S RO L,
BT . RTERSAM . AR R A . ¢ 4.
eI N, BT I L AILEE EAOUER, A
T A )02 (A ATk . TE RS BT A i OB (B T
AR A A IR B R £ (x; 1) — Rl %
YRS AR R 0(x; O, V% B BT 2 50 i

i T2 3
- PHIE x AR BT DA

K
6) =" mo(x: 6)) (1212)

1 1
P(x;6k) = W exp { - §(x - Hk)TZEI(X— Hk)}

(12.13)
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BT RAR R

B TR SRR

BT B T BB ROy SR AR (GMM) , XA

AR, E—nan) EM SAA R R R AEA:

(1) E2b: S MUmimssuka 09, sk s sk
M. Skr b, XA RR N T

t9 = Efzi]x;, 897D] = P(z; = k|9~ V) (12.14)

Hrfr, Pz = k[0WD) RRAESHES 00D | MMBEA
xi BT EMRE R kA HS G

Hit, Pz = k|0WD) FRAESHES 09D WilkA
xi JBTEHHR AR kA G REaR . AR UL
L RAVEIZERAE £, =1, nk=1,... K

o, 00"

(12.15)
K —1 —1
S A (x,, 0071

-
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BT RAR R

B HTR A 1RE

(2) M #: ki E[le(0;x,2)|09 V], $FEEA x; 100 JI0MER
TREEE, MIME IR G mMM,%@ukﬁWﬁ%Ekm
—/NEH, WA, X k=1,...,K

(q)

~(q) _
n = E Z s = —
k k n

@ 1 @
Ky, _szik Xi
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B2 (spectral clustering)

© EEETHAGE, FAMKRANE TRETR20RE. HTR
ISR A SRR R SRR =R AR RIS k. Hor,

BT R RISHET R KA SRR A Bl B

B ORZVE B AR , I TR A SRR i 2 A o
AR, AR BT 011 1 S5 SRR A A ol ok
i 7 T B ) 2 I R SR ) (o7 B AP o 1.__$*ﬁéﬂ£77ﬁ£ﬁﬁmﬂjz
XHEARII R BA BAF R RRACR , BRI SLP A E 2 Ik
PFEREZE R, %ﬁ&%%igﬁﬁﬁﬁﬁﬁﬂﬁﬁ GRS

. EJLT?‘ZleT/T‘éan%?@ (spectral clustering), Z 5@ AE

WAL b, R A X R AETE R 7 2B

?FXTEﬂﬂiﬂiffﬁfﬁJ MM 5338 G AR 25 (] AT R AR 1
KO(EpT2),
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EfRR

w BENEA 0 AR {x1, . x0 ) € RP ERSE, FH
ATE I TR, ARIDN G = (V.E).

s REARV = {v1,.. ., vn}, BDTEAER DR,
T j AHIE, FFRR T HALE wi; > 0, FEMIHRHHERE
(adjacency matrix)W = {’wij}i,jzl 77777 n s ;B\:EP wi]’ =0 ,:E:':‘]])—k
HUUR 0 M g OAHE, BT RmENTFRE, XEHE

Wij = Wiio
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Fir s B RE R B MR
s ST E v eVii=1,...,n, EXEWE (degree) H:
di =" wij, MITIASEIEHE (degree matrix)
D = dag(d,...,dn)-
= B XN T (Laplacian matrix): L=D — W,
= M 12-1(L Ay B R) -
(1) XTAEEMmE f € R™, ATLAIEW]

n

1
FILf =3 ; wij (fi = f3)°
(2) L ERHBRAG 4 IE A
(3) LAt/ VRFAERHy 0, FLHRERIAOHAE 15 1,
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BT EERRE

UER
(1) A48 d; 95 S, el

fILf=fDf - f'Wf= Z diff = > fifjwi

’le

- 52y fzfawad )

i,7=1

=3 Z wij(fi = f;)?

ij=1

(2) L B2 D W R 2], i? L I
EPENER T (1) agCraRG. (3) A1 (4) ATH (1) A1 (2) B
GEREIEARE
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PR T AR RS
T R, R RPN L IR b b B

BB EAC R R T G
-ﬁ%ﬁ@%%ﬁﬁﬂ%ﬁﬁi%m%iﬁ@%ﬁ%ﬁ%ﬁ%
(random walk normalized graph Laplacian matrix) Ly
XFFRAREAL PP (symmetric normalized graph
Laplacian matrix) Lgym

L,=D'L=1-D"'W

Lsym _ D—l/QLD—l/Q - D—l/QWD—1/2
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IR AR E N FIE

- LHURREAR R BT RA K TR, I HEATEN
ST HAERE, B wy > 0, TR R P
TSI, B wi; = 0, IR 2R A 2 i 51
LR, SRR ANHO S

- S, kAR S E ATE: Gy = (Vi By),
M 1A 0 85EE, FIO BRI AE RN Ly, ni b
5% kA TEEHTUAE. FIERREREE K
A O HEME, LR SRR [ 54 2% TP e



BT EERIERK

SPEEFERERY 4 FMAERE
» A EREK] (fully-connected graph)

YA HERE T, PR U R, I AT AR T
A OB, (TG IR EsRC
iy = o (2125

Hir, 0> 02— MHEENSE
» ki r4BIE (k-nearest neighbor graph)

1E b RATBET, MW v BT v 19k BRI v,
JET v W k B SPly, Tt v 5 Uy A% %, Wij = 1,
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BT RIBRIRZE

SPEEAERERY 4 FMAE A&
» BN k ixitd ‘B[EI (mutual k-nearest nelghbor graph)

v J&T v E‘Jkﬁmﬁ. ISEIT, ]ﬁrﬁ v; 'ﬁvj 1:94@ El]ww—l
= e 2PIf & (e-neighbor graph)

TE e SR, ST v 5 vy ZEIMEEE/NT e B, T

(% 5 Vj *Hi%, &l Wi = 1
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IEREKEE

2P R IR AIE =R AR R (BRA 12.5).
BT BEPLIAE AR A RS P e R 1 SRS (Shi and
Malik, 2000) FIE: T FRAR AL AR ) 1 SR vk
(Ng, Jordan and Weiss, 2002)

B 12.5 SRR RAEE

LR AR, R AE RN AR W, JF T e MR L
2 WL AT KM R SR R, tty
3. R nx K WS U, M5 j SIS S iR R

4. WGFERE U BI5R D ATAOUNGS | MREAS, RIS SEE 3] n ADNEEAR, STHXEREARIZ H] K -means

RRFEHATRE, BEF/IKADHTFE.

B 12-10  AEprifEfbig AR
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TER AR TEIRIE

= GEIT RIS RN B, AR R R T S R R A
WATRAE 0, ASEVERE [ a, JE A s B R B . M
TR AR AR 25 [ B BB 25 18], JF 1 K-means EBH
YEMATERIS . IR AR 72 nT DAER R AN [F] 2 50 1)

FEAUEATRI 3T XL E% Luxburg(2007) HEMiARFTIER KT
JE R P

= XPTAREAE W, 4 A FoR A e, HEX
LV(A,B)?Z E: Wi

€A, jEB

 BHERFANE K, B2 TRATLmME, AT R —
NGB, AR Ay
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TEEREN TERIE
= R ECE Y2 ER 2 512 RatioCut il Neut, & AN

b K
1
CUt(Alv 7AK) — 5 ZW(AkvAk’)
k=1
RatioCut(A Ag) 1 EK: W (A, A) f: Cut(Ay, A
1, yAK) &= o =
i AR = 50 Ty T 2 wellAy
k=1 k=1

o Hop, Ayl FoRES Ak HRITIEANEL,
VOI(A"J) = ZieAk dio
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TERRR TIRRIE
FE T ARHFFA RatioCut AR REL, 4ol 2RI R
K=2H K >2 LT, Xz G e ok g
(1) RatioCut By 4321l

= BEIHARRR AR B

min RatioCut(A, A) (12.16)
ACV
= WTES ACY, EXRE f=(fi,..., )" €RY, HpH

i NICHEE SN

fi= me{% ved (12.17)
—/IAl/IAl, vie A



ETEIERERZE
BN TIEIRIE
« SEETE E R ARTR AR R R R, AT A
FILf=3 Z wij (fi = £;)?

1,7=1

_1 (1 A
= Wij |A A
16A JEA
2
1 |4 Al
3 2 ()
i€A,jEA

= Cut(4, A)(AI + }jl +2)

— (1Al +]A] | |Al+]A
:Cut(A,A)( ||A‘\ | H |)

= |V|RatioCut(A, A)




BT EERRE

IEREN TIERIE

= BRULZAL, BATATARFEIANT KA

zfz_zm S 14/l

€A i€cA

= [Al\/[A]/|A] - |A]\/]Al/]A] = 0

= FrPARMEE f E S, BESmE 1, B3, 5T PANLES
£l
Al _
+! A=

2 = el
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IEREN TIERIE

= FILHAREREL (12.6) 50T

E%fﬁﬁ.w.fii,ﬁiﬂm(HJLHﬂbzwﬁ
(12.18)
o BT ERREREL (12.18) &4 NP RIMEF R, P T3 i
R B A TRION R SR B R T B BT R

glcir[}fTLf st. fLL, |[fll2=+vn (12.19)
= MRYE Rayleigh-Ritz EBL, HARREL (12.19) AUk L 55—

IINEFAEAEXS B B RRAE ) (B A d/IMEFAEAEA O, XAy, H’th“
fEmEHN 1, AEAXSE. )



BT EERRE

IBREN TIERIE
(2) RatioCut pyZ 432 )
= RALHISCH) SR, BN TS S V o KA

T A, Ak, FRATEEE L K AR &
h; = (h17k7---,hn7k)T7 Hor

1/\/‘Ak7 'U1€Ak . 1
{ 0 v d A (i=1,....,nk=1,...,K)

(12.20)
o FTUE, RATATAME— nox K %M H, , ZHEMEE
kBN R m b ATRARIUFERE H B8] BAHIERS
Bl HTH =T 250l E—/NyriES, AT UGS LR B4
£y

Cut(Ay, Ay)

h) Lhy, = A

, h/Lhy = (H'LH)
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IEREN TIERIE
= A AR E
K K
RatioCut(Ay,...,Ag) =Y hiLhy =) (H'LH)
k=1 k=1

= Tr(H'LH)

« Hrb, Tr() FRERSzE. 2 ERNE, R/ME
RatioCut (A, ..., Ax) FESEGT407F )

min  Tr(H'LH) st. H H=1, H &} (12.20)
(12.21)
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ILRRN TIERE
o R /NTRISRTE, AR H bR BT
min  Tr(H'LH) st. H' H=1 (12.22)
HeRnx K

= HbreRg (12.22) 22— PAnfERlme ML, [FIARYE
Rayleigh-Ritz @2, % MBS L ia1 K AL
(EX R AOAFAL ), s b ANRRE ) EEEAE . H A5
k 31,



Convex Clustering; CC

e K-means clustering and Hierarchical clustering are two widely
used clustering methods.

® Due to the instability of these two methods, Lindsten et al.
(2011) and Hocking et al. (2011) used a convex penalty, such
as L1 norm, to replace the hidden Ly norm in these two
methods.

® Because of the convex relaxation for these two methods, we
call such new clustering method, convex clustering.



Convex Clustering; CC

e Chi and Lange (2015) consider the following objective
function for convex clustering.

o1
argmin IIX = AlF+7D willAi — Al
i<j

® where A is the approximated matrix which consists of
constant structures. A;. denotes the ith row of A and |||,
is the L, norm of a vector. w; ; is the non-negative weight
between the ¢th row and the jth row.



Sparse Convex Clustering; SCC

® Wang et al. (2018) add a group sparsity-induced penalty to
take variable selection and get clustering results
simultaneously so that we can deal with high-dimensional
data.

argmlanHx] a]|]2+’}’1zwz,JHA —A; H2+’Y2ZUJHE‘JH2
i<j Jj=1

® where u; is the non-negative weight on a; and 73 is a tuning
parameter to take variable selection.

® \We can get important variables by shrinking the unimportant
variables by the second penalty.



SCC with Simulated Data

S AMA

Subjects Subjects

Features

0% 005 000 00 00 00 -0Sm 001 080 -0mS 000

- - _
I,

Cluster 1~ Cluster2 @ Cluster3 ems Cluster 4
A0S 0EIONS DEIONS QAN DS O 010N QAN OFIONS 0SMONS 10S

00 oms 000 00 00 0028 000 00 000 008 000

Figure 7: SCC with Simulated Data



Convex Biclustering; CBC

® The convex clustering can be extended to convex biclustering
by adding the similar penalty on the pair-wise columns of the
matrix.

e Different from SSVD, we want to penalize the difference value
between different row vectors and the difference value
between different column vectors simultaneously.

® Because we consider the simultaneous penalty on the rows
and columns difference, we can finally get K x R constant
submatrix.



Convex Biclustering; CBC

The detail objective function is as follows
1
Fy(U) = 51X = Ulfz + [ (U) + Qw (U )]

Where Qw(U) = zigj winU,i — U‘jHQ, Wij denotes the
weights and U ;(U;.) denotes the ith column(row).

If we delete one penalty from above two penalties, we may get
a Convex Clustering problem.

Authors propose to use Sparse Gaussian Kernel Weights as
weights and use DLPA algorithm to turn the Convex
Biclustering into Convex Clustering. Then we can use ADMM
or AMA algorithm to get the final clusters.

Note that, we can get some submatrixes of constant values.



CBC with Lung Cancer Data

b b

(a) y=0 (b) y= 10145 =104 = 1020t
e) v= 102-24 (f) y= 10235 (g) y= 103-03 =10314

Figure 8: CBC with Lung Cancer Data



