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Artic{e history: We propose here both F-test and z-test (or t-test) for testing global significance and
Received 17 November 2014 individual effect of each single predictor respectively in high dimension regression model

Available online 3 November 2015 when the explanatory variables follow a latent factor structure (Wang, 2012). Under the

null hypothesis, together with fairly mild conditions on the explanatory variables and

AMS subject classifications: latent factors, we show that the proposed F-test and t-test are asymptotically distributed
6203 as weighted chi-square and standard normal distribution respectively. That leads to quite
Keywords: different test statistics and inference procedures, as compared with that of Zhong and Chen
Approximate factor model (2011) when the explanatory variables are weakly dependent. Moreover, based on the
Global significance testing p-value of each predictor, the method of Storey et al. (2004) can be used to implement
High dimension regression the multiple testing procedure, and we can achieve consistent model selection as long as
Individual effect testing we can select the threshold value appropriately. All the results are further supported by

extensive Monte Carlo simulation studies. The practical utility of the two proposed tests
are illustrated via a real data example for index funds tracking in China stock market.
© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Traditional F-test and z-test (or t-test) are commonly used to detect the relationship between a response variable Y; € R!
and a set of explanatory variables X; € R? in a linear regression model when the number of explanatory variables p is fixed.
By contrast, when p is diverging and much larger than the sample size n, classical statistical inferences (F test and z-test)
were not applicable since the resulting ordinary least square (OLS) estimator is no longer computable. To fix the issue, there
is a large stream of papers intending to extend the traditional F-test and z-test (or t-test) to accommodate high dimensional
settings; see, for example, [22,9,21,12].

The aforementioned testing procedures are quite useful for high dimensional data analyses. However, their applicability
is heavily relying on one critical assumption, i.e., the explanatory variables are weakly dependent such that tr(X%) =
o{tr’(2?)}, where ¥ = cov(X;) € RP*P. For more detailed illustrations for such assumption, we refer to [22,23]. It is
remarkable that such assumption is violated if the explanatory variables X; admit a latent factor structure, which is usually
encountered in real practice [6,19]. Specifically, we consider the following data generation process X; = yZ; 4+ X;, where
each element of the common factors Z; € RY and random errors X; are all independently generated from a standard
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normal distribution, with d > 0 is the finite number of common factors. Moreover, the factor loadings y € RP*? satisfy
p~'yTy — Iy where I, represents the identity matrix of dimension d. In this setting, one can verify that tr(X%) =
tr(yy D1 4+o0(D)} = tr(y "y)*H14+0(1)} = p*trdy){1 +o(1)} = dp*{1+0(1)}, and tr (X?) = dp?{1+ 0(1)}. As a resul,
we can have tr(X4)/tr?(2?) — 1/d # 0, which violates condition (2.8) of [22], and condition (C1) of [ 12]. Consequently,
how to construct testing procedures for this special types of explanatory variables is a problem of theoretical demand.

It is also noteworthy that the above testing problems are also empirically motivated. For example, consider the problem
of index fund tracking of reproducing the performance of a stock market index. In this particular application, the response
of interest is the return on some specific market index, say Shanghai composite index in China stock market, while the
explanatory variables can be the return of all the stocks in China stock market. Therefore, the number of explanatory
variables may be very large compared with the number of observations; see Section 3.2 of real data analysis for details.
For these types of explanatory variables, we cannot expect that the returns across different stocks are weakly dependent.
In fact, it has long been recognized empirically and theoretically that there should exist some latent common factors that
influence all stock returns [16,4,7,5]. To this end, it is quite natural and reasonable to assume that the explanatory variables
X; follow a latent factor structure so that the condition tr(X*) = o{tr*(X?)} is violated.

Motivated by the theoretical and practical demand, we intend to construct some testing procedures for the regression
coefficients when the explanatory variables admit a latent factor structure [19]. We develop both F-test and z-test (or t-
test) for testing global significance and effect of each single predictor respectively in high dimension regression model.
Specifically, we revisit the test statistic of [12] used for testing global significance of regression coefficients for weakly
dependent explanatory variables, and show that the resulting test statistic is asymptotic weighted chi-square when the
explanatory variables follow an approximate factor model under some mild conditions. That leads to quite different
test statistics and inference procedures, as compared with that of [22,12], when the explanatory variables are weakly
dependent. In addition, after controlling for the latent common effect of the explanatory variables, the remaining factor
profiled predictors are weakly dependent [19]. As a consequence, the univariate regression [7] can be used to assess the
significance of each variable. Based on the p-value of each predictor, we can then apply the method of [17] to control
the false discovery rate (FDR), and the method can achieve consistent model selection as long as we can set the nominal
level appropriately. Extensive simulation results and an empirical example on index fund tracking in China stock market
confirmed the usefulness of the proposed method.

The remainder of the paper is organized as follows. Section 2 introduces global significance testing, and individual effect
testing with FDR control together with their theoretical properties. Numerical studies, including simulation and a real data
analysis, are reported in Section 3. Section 4 concludes the article with a short discussion and all the technical details are
provided in the Appendix.

2. The methodology

2.1. Model and notations

Let (Y;, X;) be the observation collected at ith unit for 1 < i < n, where Y; € R! is the response value, X; =
Xty .. ,X,-p)T € RP be the p-dimensional explanatory variables with mean 0 and covariance matrix X = (oj,j,) € RP*P.
Unless explicitly stated otherwise, we hereafter assume that p > n and n tends to infinity for asymptotic behavior. In
addition, we assume that all the explanatory variables have been appropriately standardized such that E(X;;) = 0, and
oj = 1forevery 1 < j < p. To establish the relationship between Y; and X;, we consider the following linear regression
model,

Y =X B+, (2.1)
where 8 = (B4, ..., ﬁp)T € RP is an unknown vector of regression coefficients, ¢; is the random noise that is independent
of X;, distributed with mean 0 and finite variance 0% < co. For notation convenience, define Y = (Y;,...,Y,)" € R"bea
vector of response variable, X = (Xi, ..., X,) T € R™P be the design matrix with the jth column X; = Xy, ... ,an)T e R",
ande = (e1,..., &) € R

Since the traditional F-test and z-test (or t-test) are no longer applicable when p is diverging and much larger than the
sample size n, there is a large stream of papers intending to extend the traditional F-test and z-test (or t-test) to accommodate
high dimensional settings; see, for example, [22,9,21,12]. For the statistical validity of the aforementioned tests, appropriate
technical conditions have to be assumed. Among all the conditions, Zhang and Zhang [21] and Lan et al. [ 12] require that

Amax(X) < 00, (2.2)
where An.x(A) represents for the largest eigenvalues of any arbitrary matrix A. In contrast, Zhong and Chen [22] replaced
condition (2.2) by

tr(2*) = oftr*(z»}. (2.3)

We find that both (2.2) and (2.3) are sensible if X is not highly singular, this should happen if the predictors are weakly
correlated. Unfortunately, conditions (2.2) and (2.3) are violated if the explanatory variables X; are highly correlated that
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admit a latent factor structure. For illustration, we consider the following data generation process X; = yZ; + Xl, where
each element of the common factors Z; € RY and random errors X; are all independently generated from a standard
normal distribution, with d > 0 is the finite number of common factors. Moreover, the factor loadings y € RP*? satisfy
p 'y Ty — I, where I, represents the identity matrix of dimension d. In this setting, we have tr(Z%) = tr(yy )*{1 +
o(D)} = tr(y Ty)*H1 +0(1)} = pitrdy){1 + o(1)} = dp*{1 + 0(1)}, and tr(Z?) = dp*{1 + 0(1)}. As a result, we can have
tr(Z4)/tr’2(2?) — 1/d # 0, which violates conditions (2.2) and (2.3). Consequently, how to construct testing procedure
of B for highly correlated predictors is a problem of demanding and interest.

2.2. A factor model

To model the dependence structure of X;, we assume that X; admits the following latent factor structure [5,19],

Xi = yZi+ X (2.4)
where Z; = (Zy, ..., Zq)" is the d-dimensional latent factors, y = (Vi) € RP*? is the associated factor loadings. )?i =
Xits .. ,Xl-p)T € RP is the factor profiled predictor that is independent of Z;, it represents for the information that con-

tained in X; but cannot be fully explained by the low dimensional (d < oo) latent factors Z;. For identifiability purpose,
we assume that cov(Z ) = I; throughout the entire article. Moreover, we assume that = (G,j,) = cov(X) is a diagonal
matrix, that is, cov(Xl“ , XUZ) = 0 for anyj; # j,. Moreover, we further assume that the diagonal elements of ¥ are bounded
from zero to infinity such that

Omin < MINGj; < MAXTjj < Omax (2.5)

j j
for some finite positive constants 0 < opin < omax < 0C. Further define notation X = ()?1, .. ,)N(n)T € R™P, §§j =
Xijs -, X)) T € Rhand Z = (Zy,...,Z,)" € R™ Consequently, under the factor model setting (2.4), model (2.1)

is reduced to the following matrix form Y = Zy T8 + XB + . To extract the common effects Z, we multiply @(Z) =
—Z(Z"Z)71Z7 by each part of the equation, which leads to @(2)Y = Q(Z)XB + Q(Z)e.Denote Y = Q(2)Y, X = Q(2)X,
and ¢ = @(Z)e, we then obtain the following factor profiled regression model [19],

Y =X8+¢, (2.6)

where X = (X;,...,X,)" € R™P. The main focus of current article is intending to construct some testing procedures for
the regression coefficients 5. We consider the following two aspects. First, we test the statistical significance of 8 globally,
i.e., the so-called F-test, similar testing procedures were investigated for general weakly correlated predictors; see, for ex-
ample, [22,12]. Second, we consider testing the statistical significance of each single predictor separately together with a
FDR controlling procedure, this procedure can help us to identify the relevant predictors if we reject the null hypothesis of
global significance in the first step.

2.3. Technical conditions

Before presenting the detailed testing procedures, we need to investigate a number of technical conditions. These
conditions are assumed to simplify the theoretical proofs, they are all quite mild and sensible in real practice.

(C1) Assume the profiled predictors )?,» and latent factors Z; are all independent and normally distributed.

(C2) Assume the common factor number d is fixed, while the sample size n goes to infinity. Moreover, there exist some
finite positive constants Cmin, Cmax and & > 0 such that n=¥ logp < Cpax and p/n > Cin.

(C3) There exists some positive definite matrix X, € R4 suchthatp™'y Ty — %, .The eigenvalues of X, are all bounded
from zero to infinity.

Condition (C1) is popularly used in high dimensional regression setting to simplify the theoretical proofs; see, for example,
[7,18,19]. Condition (C2) indicates that as the sample size n is diverging, the predictor dimension p can grow at an exponential
order of n. As a result, p may be much larger than n. Condition (C3) is also reasonable and commonly assumed in the
literature; see, for example, [1,19], it can be satisfied if yjs are independently generated from some non-degenerate
distribution with finite fourth moment.

2.4. Global significance testing

We firstly consider the problem of testing statistical significance of 8 globally in this subsection. Accordingly, we consider
the following statistical hypotheses,

Hp : ,3 =0, vs. Hp: ,B # 0. (27)



28 W. Lan et al. / Journal of Multivariate Analysis 144 (2016) 25-37

Under the null hypothesis, model (2.1) is reduced to Y; = ¢;, then we can have E(YTXj) = E(eTXj) =Oforevery1 <j <p.
As a result, we can expect that its sample counterpart nilYTXj should be close to 0 as well, such that nilYTXj ~ 0 for
every j. Combining the information from every j leads us to consider the following test statistic

Tinieia =17 'p~" Y IV X17/6% = n'p 'Y XX Tv/82, (2.8)
J

where 6> = Y'Y/n is the normalizing constant. The asymptotic distribution of Tinisa is given below, whose proof is
relegated to Appendix B.

Theorem 1. Under the null hypothesis of (2.7), further assume that conditions (C1)-(C3) are satisfied and the number of latent
factors d is known, then as min{n, p} — 00, Tiiia — 0> follows a weighted chi-square distribution of Z;jzl Ai Xf, where
6% = p~tr(X), and A, is the ith largest eigenvalues of X,.

To make the proposed test practically useful, one needs to estimate unknown parameters A;, > and d. The true number of
factors d is unknown albeit fixed. We start with an arbitrary number k for k < min(n, p). For each k, we estimate Z and y

using the method of principal component [ 19]. Specifically, we define fj be the jth largest eigenvalues of (np) ~'XXT, while 0j

be the corresponding eigenvector. We next set Z, = n'/2(91, ..., &) and then y, can be estimated by 7,” = (Z Z)~'Z X.
Subsequently, the number of common factors d can be selected by minimizing the following objective function
p

n-+ n
PC(k) = n*lp”tr{(x — Zoy) (X - z,{y,f)} + kalfc(—) log(—p)
np n+p

with respect to k as suggested by Bai and Ng [2], which immediately leads to d = argming <<, PC(k) with opzc =

n~'p~'tr(XTX) and kmax be a bounded integer such that d < kpax. According to the theoretical results of [2], d equals
d with probability approaching to 1 under the conditions (C1)-(C3) and assumption (2.5). As a result, in the subsequent
article, we assume that the true latent factor number d is known to simplify the theoretical proofs. Finally, the estimated
common factor can be then defined as Z = n'/%(3y, ..., d3) and T can be estimated by 77 = (Z7Z)"'Z7X, X can be

estimated by n”XT(Q(i )X, and X, can be estimated by ﬁy = p~'$ 9. We next demonstrate the following results.

Proposition 1. Under the conditions (C1)-(C3), we can have (1.) nflpfltr{XT(Q(é)X} —p'tr(£)—,0and 2)p 'y Ty —
X, —p0.

Accordingly, we propose the following test statistic
Tina = 0~ 'p 'Y XX"Y/6% — n~'p~tr{X" @(D)x).

Tinar should follow a weighted chi-square distribution as ZL] i,- Xlz' where ii is the ith largest eigenvalues of 2)/. Let g,
stand for the «-th quantile of the weighted chi-square distribution. We then reject the null hypothesis of (2.7) if Tgna > Gq.
Based on the above results, one can calibrate the sizes of the proposed test.

Remark 1. Itis worth mentioning that the above testing procedures can be extended to high dimensional partial F-test [12].
Specifically, if our interest is to test the global effect of X;, after controlling for the effect of Xj,, with X; = Xg, XJ)T. Here,
the dimension of Xj, is ultra high, while the dimension of Xj, is fixed or much smaller than n. Then the testing procedure
can still be applicable by replacing Y; with the residual after regressing Y; on Xj, in (2.8). One can verify that the asymptotic

distribution cannot be changed, we thus omit it to save space.

Remark 2. The proposed initial test statistic Tyt and its asymptotic distribution given in Theorem 1 are identical to the
test statistic proposed by Goeman et al. [9]. The difference is that the asymptotic distribution of the test statistic proposed
by Goeman et al. [9] rely on the normal error assumption and weakly correlated predictors. Therefore, the asymptotic
results obtained in this article primarily extend the result of [9] to non-normal errors while allow the predictors to be highly
correlated that admit a latent factor structure.

2.5. Individual effect testing with FDR control

If we reject the null hypothesis of global significance, there should exist some predictors that have nontrivial effect on
the response. To this end, it is necessary to assess the effect of each single variable individually, that is, the so-called z-test
(or t-test). Specifically, our interest is to test the null hypothesis Hy; : 8; = 0 for some 1 < j < p. Without loss of generality,
we only consider testing the significance of the first predictor, that is,

Hoq I,B] =0 vs. Hyq ZIB] 75 0. (29)
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To test 81 = 0, the univariate regression of [7] is no longer applicable, since the predictors are highly correlated according
to Eq. (2.4). Fortunately, the dependence between predictors is mainly driven by the common factors Z. Therefore, the
dependence between predictors can be removed by projecting off the effects of common factors by applying the operator
@(Z). By doing so, the projected regressors become just the idiosyncratic components in the factor model (2.4), which are
uncorrelated by model assumption. This finding motivates us to apply univariate regression based on projected response
and regressors to assess the significance effect of each single variable in (2.1). Since the latent factor Z is usually unknown

in practice, we use the estimator Z proposed in Section 2.4 for instead. To this end, we define ¥ = (,‘l(f)Y, X = (Q(é)X and
& = Q(Z)e. We next conduct univariate regression for the first predictor by regressing ¥ on X;, the regression coefficient
estimate is given by ; = (XIXl)*‘XIY, whose asymptotic distribution is given below.

Theorem 2. Under the conditions (C1)-(C3) and the bounded variance condition (2.5), further assume that Z; |Bil < Cmax
for some finite positive constant Cmax > 0. Then, we can have n"/2(B; — B1) =4 N(0, ‘751)' where agl = 751/511 with
Tél = {02 + 511(21* — 21*121_11211*),31*} and B+ = (B :j# DT € R, Z4x = (G4, 1 j1 # 1,jo # 1) € RE7Dx0=D,

The condition Zj |Bil < Cmax is sensible in practice and can be satisfied if the number of nonzero coefficients is finite.
According to Theorem 2, we can construct the following test statistic

2y =n"?B, /64, (2.10)
where 67 =t (n‘]X]TX1)_1, and £§ = n~'&*T&" with £* is the residual obtained by regressing ¥ on X;. One can verify
that Z; is asymptotic standard normal by employing the Slutsky’s theorem. Accordingly, one reject the null hypothesis of
(2.9)if |21| > Z1_q/2, Where z,, stands for the «-th quantile of a standard normal distribution.

When p is ultra-high, the predictors that need to be tested should be large as well. It is well known that by conducting
a large number of testing problems simultaneously, the type I error can get inevitable inflated and thus lead to nontrivial
multiple testing effect [3]. To guard against false discoveries, we employ the method of [ 17] for controlling the false discovery
rate. We define My = {j : Bj = 0}, N1 = {j : B; # 0}, and Ny and N; are the cardinality of sets M, and ;, respectively.
Denote the p-value obtained by testing each individual null hypothesis, Hy;, as p; = 2{1 — q§(|2j|)}, where 2] is the test
statistic and can be constructed similarly to that in Eq. (2.10). Moreover, let V(t) = #{j € M : p; < t} be the number
of falsely rejected hypotheses and R(t) = #{j : p; < t} be the number of totally rejected hypotheses. As a result, for any
threshold value ¢ € [0, 1], the false discovery proportion is defined as FDP(t) = V (t)/[R(t) v 1] and FDR(t) = E{FDP(¢t)}
with R(t) vV 1 = max{V (t), 1}. For any pre-chosen level g and a tuning parameter A € (0, 1], a data-driven threshold for the
p-values is determined by

t;(FDR;) = sup{0 <t < 1: FDR,(¢t) < q, (2.11)
where F’D\Rx(t) is a point estimate of FDR(t), which is given by

pro(Mt  Fo(M)t

FDR.(6) = ROV1 (RO V1}/p

(2.12)

with 7(A) = {(1 — )»)p}f1 {p — R(%)} is an estimate of 7y for any given A. We then reject the null hypothesis of g; = 0 if

its associated p-value p; is less than or equal to tq(F’]jT(x). Next theorem shows that the FDR can be controlled at the nominal
level asymptotically for this special type of threshold values.

Proposition 2. Assume Ni/p — 0 and lim,_, o T1.,(t) = Ti(t) for some continuous function T (t), where Ty ,(t) = p~!
Z}Ll P(p; < t), then under the same conditions as that assumed in Theorem 1, we have that lim sup,,_, ., FDR{tq (FDRA)} <q.

Remark 3. It is worthy mentioning that the problem of testing the significance of a single regression coefficient in high
dimensional linear regression model has been tentatively studied by Lan et al. [13]. Even though both papers try to first
remove the dependence among the regressors, the method of [ 13] is quite different with ours. To access the significance of a
single regression coefficient, Lan et al. [ 13] proposed to first remove the effect of the predictors that are highly correlated with
the target predictor. As noted by Lan et al. [ 13], their method is only applicable when the predictors are weakly correlated;
see condition (C2) therein. By contrast, our method is applicable for highly correlated predictors by assuming a latent factor
structure. Since the factors are unknown and need to be inferred using principal components, the resulting procedure poses
more challenges when investigating the effect of estimation errors.
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2.6. Model selection consistency

According to the proceeding proposition, for any pre-specified significance level ¢ > 0, FDR can be controlled asymptot-
ically at the nominal level. It further motivates us to investigate the theoretical properties for ¢ — 0, i.e., model selection
consistency. In order to get the property of consistent model selection, we need to analyze the power of the resulting mul-
tiple testing procedure. To this end, we need to assume the following minimum signal and exponential tail assumptions.

(C4) Assume there exist two positive constants « and Cg such that minicy, |8j| > Cgn™* for k + & < 1/2, where & was
B JeN IPj B
defined in condition (C2).

(C5) There exists some positive constant C, such that forany £ > 0and 1 <j < p, P(n~ !X e| > £) < exp(—C.n€?).
'

Condition (C4) is sensible in practice, the condition has been popularly used for variable selection literature [7,18]. Condition
(C5) is also reasonable. Specifically, if the random noise ¢ is normally distributed, then using the fact that n! ||Xj||2 —
1, n‘l/ZXjTe follows a normal distribution with finite variance forj = 1, ..., p. Asaresult, the condition (C5) can be satisfied.
Under the above conditions, we can demonstrate the following result.

Theorem 3. Under conditions (C1)-(C5) and bounded variance assumption (2.5), further assume Zj |Bjl < Cmax for some

finite positive constant Cp.y, there should exist a sequence of significance levels a, — 0 such that P(/f"‘” = MN;) — 1, where
g ={1<j<p:p <o}

The proof is provided in Appendix F. According to the theorem proof, one can select «;, at the level of o, = 2{1 — & ()}
with & <) < 1/2 — «. For this special sequences of «;, and under the minimum signal assumption (C4), the power of the
test can approach to 1 while preserve reasonable type I error and false discoveries. Compared with the variable screening
method of [ 19], the proposed testing procedure is able to control the false discovery rate and the type I error for the sequence
of nominal level «,,. This finding is quite important especially in finite samples; see, for example, [20,15] and for detailed
discussions.

3. Numerical studies
3.1. Simulation studies

To demonstrate the finite sample performance of the proposed testing procedures, we present here two simulation
examples including three different sample sizes (n = 100, 200, 400), two different dimensions of explanatory variables
(p = 500, 1, 000), and two different dimensions of common factors (d = 1, 3) for the purpose of illustration. For each fixed
parameter setting (i.e., n, p and d), all simulation results were conducted by 1,000 realizations, the nominal levels of the F-
test, z-test and the FDR level were set to be 5%. To access the finite sample performance of the proposed testing procedures,
we evaluate the size of the proposed F-test (FS). Moreover, we measure the performance of the proposed z-test (or t-test)
by the average empirical size (AES). Specifically, let p,; be the individual test p-value for testing the significance of the jth

explanatory variable in the rth simulation. Hence, AES can be defined as AES = |Ap|~! Zje,/vo ERP;, where Ny = {1 <j <p:

B;j = 0}, and the empirical rejection probability (ERP) for the jth explanatory variable test as ERP; = 1000~! Z:io]o I(pj <
a). To assess the effect of model selection consistency, we report the average true rate TR = |$“ N N;|/| V7| and the average
false rate FR = [4% N My|/|M|. Intuitively, if the testing procedure can identify significant predictors consistently, the FR
should approach to 0 while the TR approaching to 1 as the sample size n — oo. To guard against the false discoveries, the
empirical FDR based on the procedure proposed by Storey et al. [17] with A = 1/2 is also reported.

Example 3.1. The predictors X; is simulated according to (2.4), where each element of Z;, y and )N(U were independently
generated from a standard normal distribution. Moreover, the response Y; is generated according to (2.1), with &; is
independently generated from either a t distribution with 3 degrees of freedom t(3) or a mixture distribution 0.1N (0, 3%) +
0.9N(0, 1). All of the regression coefficients were set to be zero so that |#7| = 0 and |.My| = p. For the sake of comparison,
the method proposed by Zhong and Chen [22] is also included, we name it as ZC-test. The simulation results based ond = 1
were summarized in Table 1.

A well behaved test should have an empirical size around 5%. As a result, we can expect that both FS and AES should
be close to 5% in this simulation setting. According to the results of Table 1, our proposed F-test totally dominates ZC-test.
Both the proposed F-test and z-test (or t-test) can control the type I error well at the nominal level, regardless of the error
distributions, which are consistent with the theoretical findings in Theorems 1 and 2. By contrast, the size of the ZC test is
alarmingly larger than the nominal significance level. Such a finding is not surprising, since the ZC-test is designed mainly
for weakly dependent data, not for the data with a latent factor structure.

Example 3.2. For the purpose of illustration, we only consider d = 3 in this example, since the results for other settings are
similar. Similar to Example 3.1, each element of Z; and y are independently generated from a standard normal distribution.
We next generate X;. We consider the following two scenarios. In scenario 1, each element of X; was independently generated
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Table 1
Simulation results for Example 1 withd = 1.
t Distribution Mixture distribution
ZC-test FA-test ZC-test FA-test
n p FS AES FS AES FS AES FS AES
100 500 0.083 - 0.043 0.052 0.088 - 0.058 0.054
1000 0.087 - 0.054 0.055 0.075 - 0.050 0.054
200 500 0.082 - 0.047 0.053 0.078 - 0.051 0.052
1000 0.084 - 0.044 0.052 0.074 - 0.040  0.052
400 500 0.077 - 0.045 0.051 0.075 - 0.047 0.051
1000 0.078 - 0.048 0051 0069 - 0.040 0.051
Table 2
Simulation results for Example 2 with d = 3.
Normal distribution Mixture distribution
n p FS AES TR FR FDR FS AES TR FR FDR

Scenario 1

100 500 0992 0.058 0.968 0.029 0.091 0991 0.058 0.969 0.029 0.107
1000 0994 0058 0962 0058 0.106 0991 0.057 0970 0.057 0.117
200 500 0999 0.054 1.000 0.027 0.071 0.999 0.054 0.998 0.027 0.067
1000 0997 0054 0998 0.054 0074 1000 0054 0999 0054 0.074
400 500 1.000 0.052 1.000 0.026 0061 0999 0.053 1000 0.026 0.063
1000 1000 0052 1000 0052 0053 1000 0.053 1000 0.053 0.062

Scenario 2

100 500 0991 0.058 0970 0.029 0.105 0.989 0.058 0971 0.029 0.110
1000 0995 0054 0999 0055 0087 0993 0.058 0968 0.058 0.115
200 500 0999 0.055 1.000 0.027 0.081 0.999 0.055 0.999 0.027 0.075
1000 0997 0.055 0.998 0.055 0.079 0999 0.054 0998 0054 0719
400 500 1.000 0.053 1.000 0.026 0.070 1.000 0.054 1.000 0.027 0.078
1000 0998 0052 1000 0052 0069 0999 0053 1000 0.053 0.068

from a standard normal distribution. In scenario 2, X; follows amultivariate normal distribution with mean 0 and covariance
cov(X;) = (0j,;,) € RP*P with 0j,;, = 0.101772l, As a result, X;;, and X;;, are allowed to be weakly correlated. For the two
scenarios, X; were generated according to (2.4), Y; was generated by (2.1) with ¢; independently following either a N(0, 1) or
a mixture distribution 0.1N (0, 3%) 4+ 0.9N(0, 1). The regression coefficient vector S is 81 = 5, B4 = 3, 7 = 2, and Bi=0
foranyj ¢ {1, 4, 7}. All the simulation results were summarized in Table 2.

According to Table 2, when X;s are independently generated according to scenario 1 and ¢ is normal, FSs are steadily
increasing to 1 as the sample size increases. Similar results can be found when the distribution of ¢ is mixture, which indicate
that the proposed global significance test is indeed consistent. Moreover, all AES and FDR values are around 0.05 as the
sample size getting large, which suggests that the proposed individual coefficient test performs robustly well. The results
are similar when the X;s are independently generated according to scenario 2. Lastly, for the two scenarios, the TR tends
to 1 and FR tends to 0 as the sample size increases while ¢ follows both normal and mixture distributions, which are all
consistent with the theoretical findings of Theorem 3.

3.2. Real data analysis

To further illustrate the practical usefulness of the proposed method, we present here a real data analysis. The data
contains a total of n = 409 observations, where the response of interest (Y;) is the daily return of Shanghai Stock Exchange
Composite index and the explanatory variables (X, .. ., X) are p = 757 returns of individual stocks listed in Shanghai stock
market. The sample period of the study is from 2011/1/3 to 2012/9/28. All data are from the CSMR database, which is one of
the most popularly used and authoritative database in China. The main focus of current analysis is intending to identify the
stocks which are significantly associated with the index Y; by assuming a linear relationship exists between Y; and X; such
thatY; = XiT B + &; for some random error ¢&;, and a portfolio will be constructed by selecting a small number of significant
stocks to track the performance of Shanghai Stock Exchange Composite index.

We first need to estimate the dimension of the latent factors. The criteria proposed by Bai and Ng [2], namely, d =
argming <y PC(k) for kmax = 8, was used to determine the dimension of latent factors, which suggest the presence of
d = 1 factor. Consequently, in the rest of this real data analysis, we will treat the number of common factors d = 1.

The p-value of the proposed F-test is 0. As a result, we next consider how to identify the relevant explanatory variables
that are associated with Y; using the proposed t-test. For each explanatory variable, we consider the following test for every

ji=1...,p
ngiﬂj:O VS. Hlj:,Bj;éO. (31)



32 W. Lan et al. / Journal of Multivariate Analysis 144 (2016) 25-37

Q
O

0 200 400 600

Frequency
0 20 40 60 80
Frequency

T T

T r T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
pvalue pvalue

Fig. 1. The histograms of the p-values of the proposed t-test and MUR for all of the stocks.

For comparison purpose, we also report the results without adjusting for any latent factors, i.e., using marginal univariate
regression (MUR) directly. Fig. 1 depicts the histogram of the p-values of the proposed t-test and MUR for all of the stocks.
As we can see from the histograms, the proposed t-test yields a very flat histogram except for a bump around the point 0.
Among all the 757 stocks, there are 167 stocks with p-values less than the significance level at 5%. Moreover, after controlling
the false discoveries rate for the p-values from the proposed test at 5%, 68 stocks were declared statistically significant. This
finding is quite reasonable. In fact, if the underlying coefficient structure is highly sparse, most of the p-values are computed
for the case that the null hypothesis is true, and the asymptotic distribution of these p-values should be uniform in [0, 1]. In
contrast, the histogram of the MUR is extremely skew, most of the p-values are very small, even after controlling the false
discovery rate, there were a total of 754 stocks that are significant, which indicates that the resulting p-values may not be
reliable.

Based on the selected stocks of the two methods, we constructed two portfolios (CF-portfolio and NoCF-portfolio) to
mimic the Shanghai composite index by linear regression. CF-portfolio consists of the selected stocks by the proposed
t-test, and NoCF-portfolio consists of the selected stocks by the marginal univariate regression without considering any
latent factors. To evaluate the out-of-sample performance of the two portfolios, monthly rolling forecasting process is used
with a constant rolling window of 12 months. For each month, we use the information of its previous 12 months to select
stocks and estimate the resulting regression coefficients, then we form a portfolio consisting of the selected stocks with the
portfolio weights determined by the estimate regression coefficients, and evaluate the return of this portfolio in that month.
Such process which continues until 2012/9 is predicted. As a result, the rolling window length is fixed and we update the
selected stocks and regression coefficients once a month. To measure how closely the portfolio follows the benchmark

index, we calculate the tracking error TE;, = \/ ﬁ ZL](TDt — TD)?, where TD; = Ryt — Rmy is the tracking difference,

Ry and Ry, are the returns of portfolio and Shanghai Composite index respectively at time t and T is the total number of
replications. The tracking error of the CF-portfolio and NoCF-portfolio are 0.73% and 0.91% respectively, which indicates
that the proposed method in this article is more efficient than the method without adjusting for any factors. In addition, we
also tried the scenario of d = 3, the results are robust and the corresponding tracking error of CF-portfolio is 0.77%. In real
practice, the decision makers could take into account more information and transaction cost to further minimize the tracking
errors.

4. Conclusion

In linear regression model, we develop both F-test and z-test (or t test) for testing global significance and individual
effect of each single variable respectively in ultra high dimension regression when the explanatory variables follow a latent
factor model. Under the null hypothesis, together with fairly mild conditions on the explanatory variables and latent factors,
we show that the proposed F-test and t-test are asymptotically distributed as weighted chi-square and standard normal
distribution respectively, which are quite different with the results derived by Zhong and Chen [22] when the explanatory
variables are weakly dependent. Moreover, based on the p-value of each predictor, the method of [17] can be used to
implement the multiple testing procedure, and we can achieve consistent model selection as long as we can select the
threshold value appropriately.

To conclude the article, we point out a few possible research avenues in this discussion. Since we only established testing
procedures for linear regression model, it would be interesting to extent the entire testing procedure to other regression
models, which includes generalized linear model [8] and various semiparametric models [10]. Moreover, it would also be
quite practical demanding to allow the explanatory variables to be discrete or ordinal. Lastly, it is also quite interesting to
allow the profiled predictors X; to be weakly correlated that admit an approximate factor model [5].
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Appendix A. Some useful lemmas

Before proving the theoretical results, we present the following two useful lemmas. Lemma 1 can be proved in a similar
manner by Theorem 2 of [19] under the current conditions (C1)-(C3) together with bounded variance assumption (2.5),
while Lemmas 2 and 3 can be directly found in [12]. As a result, their proofs are omitted to save space.

Lemma 1. Under conditions (C1)-(C3) and the latent factor number d is known, together with the bounded variance
condition (2.5), we can have that n~'tr{ZT@(Z)Z} = 0,(n™") and tr{Q(Z) — GZ(Z)}2 = 0,(n™"), where Z is defined in
Section 2.3.

Lemma2. et V = (Vy,...,V,)" € R™ be a multivariate normal vector with E(V) = 0 and cov(V) = I,. Then, for any
symmetric m x m matrix A, we have that (i.) E(VTAV) = tr(A); (ii.) E(VTA1V)? = tr? (A1) + 2tr(A).

Lemma 3. Let (U, Uy, Us, Uy)T € R* be a 4-dimensional normal random vector with E(U)) =0andvar(U)) =1for1 <j < 4
We then have E(U] U,Us U4) = 812834 + 8]3524 + 514823, where 811 = E(UIUJ)

Appendix B. Proof of Theorem 1

Note that X=Z yT+X As aresult, Tipria can be decomposed into the following three parts as Tipitia) = A1+2 A2+ A3 with
A =n""p YT ZyTyZTY/62, Ay =n"p 'Y ZyTXTY/6? and A3 = n”'p 'Y TXXTY/62% We then c0n51der the three
parts separately. We firstly consider As. By Lemma L3 in [19], we have p~'XX' = a2 {1+ op(l)} with 62 = p~1tr(2).
Consequently, we can obtain A; = 52n~'Y'Y/6%{1+ 0 (1)} which immediately leads to A3 = 6%{1 + 0p(1)}. We next
consider A,. By Lemma L5 in [19], we have Apay (p~ 1Z)/TXT) = 0,(1). As a result,

Ay =W p 12y TXTYY/62 < Amax(0 1 Zy "X DnTIY Y /62 = 0,(1).
We lastly consider A;, we show that n='p~'YTZy TyZTY/6? is asymptotically weighted chi-square. By condition (C3),
p'yTy - ¥, wehaven 'p='Y'Zy TyzTy/6? =Y {n"'Z25,2" }Y/6*{1+ 0,(1)}. Moreover, note that n='Z7Z — I
by model specification assumption. Thus, the eigenvalues of n='Z DA T should be equal to the eigenvalues of n~" pIWA 77 =
Z,{1 + o0,(1)}. Let A; be the ith largest eigenvalue of X,. Consequently, n='p~'Y'Zy TyZTY/6? is asymptotically
distributed as Z,-dzl Xix?%, which completes the entire proof.

Appendix C. Proof of Proposition 1

Without loss of generality, we only present the proof of the first part, while the second part can be proved in a
similar manner. Note that X = ZyT + X, then we can have n‘lp‘1tr{XT(§2(2)X} = n‘1p‘1{yZT(.2(2)ZyT} +
n‘1p‘1tr{§v§T(Q(2)§~§} + 2n‘]p‘1tr{§~§T(§2(2)ZyT} = A; + A; + A;. We next consider the three parts separately. By
Lemma 1 and condition (C3), we can have thatn”p*]{yZT(Q@)ZyT} < n”tr{ZTc‘l(é)Z}tr(p*]yTy) =0,(n"1) = 0,(1).
We next consider A,. Note that d is fixed constant, one can verify that nflpfltr{g@(,‘z(z)gg} = pfltr(z‘){l + 0p(D}.
In addition, by Lemma 1 again, we have n~'p~'tr[XT{@©2) — @@)}X] < [tr{@@) - @(Z)} ] XX =
Op(n”) = 0p(1). Consequently, we have A, = p”tr(g){l + op(l)}. We lastly consider As;. Employing Lemma L5 in
[19], we have Ama(p~'Zy TXT) = 0,(1), which immediately leads to A3 = 0,(1). Combining the results above, we have
n‘lp‘ltr{XT(Q(f)X} —p~'tr(2) — 0, which completes the entire proof.

Appendix D. Proof of Theorem 2

Note that ¥ = KB + &. Thus, B; can be decomposed into two parts, 8; = T' + T? with T! = (X]%;)"'%]¢ and
T, = (X] X)X X Brs, where X+ = (Xj : j # 1) € R™®D, Consequently, to prove the theorem, it suffices to
show that (T, T?) is asymptotical bivariate-normal since T! and T? are un-correlated. To this end, we consider T' and
T2 separately. We firstly consider T'. Note that X[ X; = X] Q@)X = y,ZTQ@2)Zy + 2y 2T @)X, + X[ @@)X,.
We further consider the three parts of XTX1 separately. Firstly by Lemma 1 and condition (C3), we have y, ZTQ(Z)Z Y1
<In ||2tr{ZT(£2(Z)Z} = 0,(1). Moreover, employing Lemma L5 in [19], we can obtain that y, ZT@(2)X; = 0,(1). Lastly,
one can verify that X] @(2)%X; = XT@(Z)X1{ + 0p(1)} by Lemma 1, further noting that XT @(2)X,/51; follows a chi-
square distribution of degree n — d. Combining these results above, we can have n*1§§1T§§1 = 011 + 0p(1). Moreover,
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e =X Q@2)e = y, ZTQ((2)e + X] ¢. Since var{leZTQ@)e} = 0(1) and var{X] e} = O(n). As a result, X{ ¢ should
dominate y,'Z" @(Z)e, which leads to X[ ¢ = X] & {1+ 0,(1)}. Consequently, we have

nl/le = nil/zi;ré‘/g]]{] + Op(])} = {1 + Op(]) —1/2 lelé‘l/o'“
We next consider T2. Applying the same arguments as those given above, we can obtain that
n
nl/sz = {] + op(l)}n_l/z ZX“X“*ﬂ]*/aJ]].

Let§; = X;1&; and ni = ,1X1*,81* Then it can be shown thatE(8) = Oand var(§;) = 026;. Moreover, we have n'/2E (n;) =
1/2011*,31* = 0. Subsequently, var(n;) — E(}) = npLE { 11*X,1* |X11}f31* - 011/31*{21* - 21*1211*/011},31*
Consequently, by the bivariate Central Limit Theorem, we can thus obtain

<n1/2T1,n1/2T2) = {1+ 0,(D)) { —1/2 Z(&Jh /011]

is asymptotically normal with mean 0 and covariance V = diag(Vj;). In addition, Vi; = ¢2/51; and V,, = /311 {51* —
X1#1 211+ /G11} B+ /511 Consequently, n'/?(T" + T?) is asymptotical normal with mean 0 and covariance Vy; + V,, which
completes the entire proof.

Appendix E. Proof of Proposition 2

According to the proofin [17], to prove the proposition, it suffices to demonstrate the following two results,

)4
! > I(pj <) = Tia(t) — Oas. and (E.1)
p j=]
—ZI(p,<t)—cOn(t)—>o.as (E2)
0 jeno

as p — oo, where Gg ,(t) = Ngl Zje,/\fo P(p; < t). Since the proofs for (E.1) and (E.2) are quite similar, we only verify (E.1).
By the law of large numbers [14], it is enough to show that

)4
var{% > Iy =0} =00 foranys > o. (E3)
j=1

Note that the left part of (E.3) is equivalent to

1< 1 & 2
Varig ZI(|Z;‘| > Zl—[/Z)] =5 Zvar[l(lljl = Z1—t/2)] + 7 Z COV{I(|ZJ‘1| > z1-¢2), 1123, = Zl—f/Z)]‘ (E4)
=1 =1

J1#i2

The first part of (E.4) is O(p~!) by the fact that var{I(|Zj| > z1,t/2)} < 1. We next consider the second part, the covariance
is given by

P<|Zj]| > 2112, 12| = Zl—t/Z) - P(|Zjl| > Zlft/2)P(|Zj1| > Zl—t/2)~

By the proof of Theorem 2, uniformly foranyj =1, ..., p, we have P(Z; > t) = ®(—t){1+ 0,(1)}, where @(-) present the
cumulative distribution function of a standard normal distribution. Thus, by the bivariate large deviation result [23] and the
similar argument of [ 13], to prove the theorem, it suffices to show that

p
Z Pirja = 0(17)7

J2=1

foranyj; =1, ..., p, where pj,;, = cov(Z;,, Z;,). By the proof of Theorem 2, Z;, can be written as

n
Zj, = {1+ Op(l)}n_l/z Z(Xihgi +Xij1Xiﬁ,Bﬁ)'
i=1
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Consequently, for any j; # j,, we can have

n n
P, = (140D > Z{COV(Xim €iy» Xigjp €iy) + COV(Xiyj, Xiyji Byt Xiyjp €4,)

i1=1ip=1

+ COV(XlszXlzJZ /3]2 i €ip) + COV(thXlul :311 ii2 X /312)}

= {1+ Op(‘l)}ni1 Z Z{COV(Z}h &iy »szzgiz) + COV()?im 1111 ﬂh X'zlz 12/2/3]2)}

i1=1iy=1

We next consider the above two terms separately. One can have

- 1.2
§ : E :COV(XmStw Xijp &) =N 0 § :COV(XleXuz) = 0jyj, = 0.

i1=1ix=1

We next consider the termn™" > 77 _; >0 _, cov(Xi,j, ,1]1/311 Xo, 12]*;‘3] +). Note that

n n
n! Z Z cov(Xiyj, 1111:811 Xlzlz bisB) =n ! ZCOV(XmXu]:BJl Xu: UZIBJZ)
i1=1ip=1 i=1

Moreover, we can also have cov(X,“X,h,B]] XU2XU2 Bis) = E(X,“X,hﬁ] szxuz Bis) — E(X,hXU],Bj])E(XUZXU2 Bi). By condition
(C1) and Lemma 3, together with some algebraic simplifications, we can obtain that

COV(XUlXiJ'TﬁjT’Xszij;ﬁjﬁ) = Z Z (aﬁkzgfﬂz + gkljzaml)ﬁ’q ﬁkZ'

k€N #j1 ka€N1#)2

As a result, we can have cov(Xij, X By XipXis Bs) = 25,1, Oinin gjzizﬂh Bi, if Gi # j2) € M, and cov(Xi, Xy: By,
X,DX,]*,B] +) = 0 otherwise. Consequently, we can have that foranyj; = 1,...,p,

Z cov (X, Xy Byt XiXiis Bis) = Y Y 545y Bin By = O(N1) = 0(p).
J2=1 J1€M J2F#i
Combining these results above, we can thus obtain

p
Z Pijy = 0(p),

J2=1
which completes the entire proof.

Appendix F. Proof of Theorem 3

Let p; and Z; be the corresponding p-values and test statistic for testing ; = 0. Then, to prove the theorem, it suffices to
show that the theorem holds for a special sequence of @, — 0 such that o, = 2{1 — & (@)} forsome £ <j < 1/2 — k. We
only need to verify that

lim P{v(an) > o} 0, and lim P{S(an)/M -1 } -1,

n,p—00 n,p— 00

where S(a,) = ZJ-E w1 {pj < as). We prove the above parts in the following two steps accordingly.

Step I. We firstly show that P{V(«,) > 0} — 0. Note that T;j > 02/51-,-. Further assume 6;; = 1 for notation convenience.
Then, we can obtain

1z = ”(X}&)*Xje + (X}Xj)—lszfm‘}/(n”z(}ﬂj)

A

Xj@(é)xj)*”zxf@(é)e‘ +o7!

X/ @@)x)'x @@)xp ‘
Consequently, by Bonferroni inequality, we obtain

P[V(oz,,) > 0} = P(max 1Zj| > Zl—ozn/Z)
JEM

IA

P(?el% o @) 25 @@e/o| > 1 /2)

+P(?€1Jav(>)( (X @@)x) "X @@)xp| > on’/2>. (E.5)
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We then consider the above two parts separately. We first consider the first part of (F.5). According to the results of the
proof of Theorems 1 and 2, one can verify that XJT(Q(Z)XJ- = XJT(Q(Z)Xj{] + 0,(1)} and XjT(Q(Z)e = XJT(Q(Z)s{l + 0,(1)}
uniformly for any j. As a result, by conditions (C4)-(C5) and Bonferroni inequality again, we have

P(?;avg( (X @@)x) %] @@)e/o| > n’/2) < P(gg (X @@)x) %] @@)s /0| > n'/4)

= > P(n 2|05 @@%) 2K @@)efo| > 12 )a)
Jj€No
< pexp(—C.n?/16) < exp(—C,n¥?/16 + vn®).
Note that £ < 2j by definition. Thus, the first term of the above equation —C,n% /4 should dominate the second term vn¢,
which immediately leads to

lim P(max (X[ @@)x) "% @@)e/o| > n’/2) 0.

n,p—>00  \jeN
Furthermore, similar to the proof of Theorem 2, uniformly foranyj = 1, ..., p, we can have
& @@)x) x5 @@)xp = X[ @@)x/m) 02" 65 (2) By (1 + 0p(1)}
J#i

~1/2
< Cmax{mjn n—lea(Z)xj} max |n'/25; (2)].
j i

where the last inequality is due to the condition that Z; |Bjl < Cmax, and gjy (Z) is the sample partial covariance of X;; and Xy
after controlling for the effect of Z. We next consider the above two parts separately. Firstly, by Bonferroni inequality and
condition (C1), we have max; [n~'X Q(2)X; — ;| = 0,(1). Consequently, we have {min;n~ "X @(2)X;}"/> = 0,(1).
We next consider maxy; [nl/ 2@1;‘/(2)|- By model assumption that cov()?,j/,)N(,-j) = 0 for any j/ # j, we can verify that
max; . [n/ 291-,-/ (Z)| = 0,where g7 (Z) is the partial covariance of X;; and Xy after controlling for the effect of Z. Consequently,
using Corollary 1 of Kalisch and Buhlmann [ 11] together with Bonferroni inequality, we can immediately obtain

max P max|n'5y @)| > 0% | 0
i J#i

forevery & < b < 1. We setb = (£ +J)/2, then we can have max;; [n'/?9;7 (Z)| = o(n?/?) = o(1¥). This together with the
results that {min; n~'X; @(2)X;}~"/? = 0,(1) leads to

P(g%( (X e@)x) "X @@)x8| > an’/Z) ~o.

Combining these results above, we have completed the first part of (F.5).
Step 1. We next consider the second part of (F.5). By definition, we have
NS = N7 Y 1(1n'2/61 > ).
JEM
According to the proof of the first part of (F.5), we have max; [n!/ 2(/§j - B) /6ﬂj| = o(?). Moreover, according to theorem
assumption that minjey, |8j| = Cgn™ for some constants Cg > 0, we can immediately have minjcy, |n‘/2ﬂj/&ﬁj| =
0(|n'/>7*|). Consequently, by Bonferroni inequality and the fact thatj + k < 1/2, we can obtain

P(N;‘S(an) _ 1) — P(jxgvn 2B, — B)/64, +n'2B/64| > n')
1
> P(minn'28/65| > ') — P(max In'/2(; — B)/65 > 20) — 1,
JjeM JjeEM
which completes the second part of (F.5). Combining these results above, we have completed the entire proof of Theorem 3.
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